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ABSTRACT
This thesis investigates partial polarization and coherence of station-
ary and nonstationary fields within the context of classical electro-
magnetic coherence theory. Temporal fluctuations of the instanta-
neous polarization state are considered in non-beamlike stationary
random fields by means of a polarization correlation function. The
fluctuations of fields obeying Gaussian statistics are found to be
explicitly connected to partial coherence and partial polarization.
Complete electromagnetic coherence is studied in both time and
frequency domains in terms of statistical similarity, and it is pointed
out that statistical similarity of two fully polarized fields is equiva-
lent to them being completely coherent. In contrast to scalar fields,
strict cross-spectral purity, together with complete spectral coher-
ence, is determined to be a sufficient, but not necessary, condition
for complete coherence in the space–time domain.
A systematic theory of partial polarization and partial coherence
in nonstationary electromagnetic fields is introduced and applied to
the analysis of a temporal imaging system. The results show that
such a system may be used to generate a wide variety of polarization
effects. The coherent-mode decomposition (CMD) for nonstationary
electromagnetic fields is also put forward, and the space–time do-
main and space–frequency domain mode structures are shown to be
directly connected via a Fourier transform relation.
Coherent modes of the electric and magnetic components of a
stationary electromagnetic field are studied in a spherical volume,
and it is shown that the electric and magnetic mode structures
are, in general, different from each other. Propagation of coherent
modes is studied in the paraxial approximation and for general
fields. Paraxial propagation is found to preserve the mode structure,
while in the nonparaxial case this is achieved only for free fields.
Universal Decimal Classification: 535.51, 537.87
Keywords: electromagnetic fields; polarization; coherence; fluctuations;
random processes; stochastic processes; Gaussian processes; optics
Asiasanat: sähkömagneettiset kentät; polarisaatio; koherenssi; optiikka
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1 Introduction
All light, whether natural or artificial in origin, exhibits at least
some degree of randomness. The random fluctuations of the electro-
magnetic field exhibit themselves as partial coherence and partial
polarization. These phenomena are at the heart of modern optics,
and application of the knowledge of partial coherence and partial
polarization has been also instrumental in a wide range of scientific
discoveries and practical applications [1–6], culminating this year
in the United Nations International Year of Light and Light-Based
Technologies [7].
1.1 SURVEY OF PAST RESEARCH ON PARTIAL
POLARIZATION AND COHERENCE
The documented history of systematic investigations concerning
optics dates back at least to the beginning of the second millen-
nium, to the multi-volume Book of Optics by the scholar Abu¯ ibn
al-Haytham (sometimes translitterated as Alhazen) [8]. The study
of polarization stretches back to the 17th century, when Bartholinus
investigated what became later known as double refraction in an Ice-
landic spar crystal [9]. Different polarization phenomena intrigued
numerous natural philosophers and scientists, such as Brewster [10],
Fresnel [11], Arago [12], and others [13]. Interference phenomena
of polarized fields played a major part in determining that light
propagates as transverse waves [5, 14, 15]. A landmark result was
the formulation of the Stokes parameters [16], i.e., a set measurable
quantities which can be used to characterize the polarization state of
optical fields. Significantly, the parameters may easily be extended
to take into account the partial polarization of the field [2].
A revolutionary observation for the development of optics was
the connection between Maxwell’s dynamic theory of electromag-
netic fields [17] and light. The Maxwell equations predicted that
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electromagnetic fields propagate in free space at a phase velocity
close to experimentally measured speed of light, and moreover, the
propagating waves are transverse – just as light had been determined
to consist of transverse waves, based, e.g., on the Fresnel–Arago in-
terference experiment [12]. Later theoretical work and experimental
results helped cement the electromagnetic theory of light [6].
Partial coherence of light was first touched by Verdet with his
observation that the light waves in filtered sunlight vibrated “in
unison” within a small area [18], which, in modern language, would
be called the coherence area [5]. Measurement of the coherence
function of a field produced by an incoherent light source was
shown to offer a method for determining the intensity distribution
at the source by van Cittert [19] and Zernike [20]. The van Cittert–
Zernike theorem states that the far-field coherence function of a light
produced by a quasimonochromatic, spatially incoherent source is
directly proportional to the spatial Fourier transform of the source
intensity distribution [21]. A mathematical formulation for partial
coherence was put forward by Zernike in 1938 when he defined
the degree of coherence of a scalar field as the visibility of intensity
fringes in Young’s double pinhole experiment [20].
The foundations of modern, rigorous theory of optical coherence
were formulated by Wolf in the space–time domain in 1950s [22–24],
and in the space–frequency domain by Mandel and Wolf circa two
decades later [25,26]; both treatments consider stationary random
fields, i.e., fields where the character of the random fluctuations does
not vary with time. While originally introduced via the generalized
Fourier transform of the time-domain fields, it was later shown that
the cross-spectral density function may be treated as a correlation
function over a suitable ensemble of monochromatic functions [27].
Verdet’s considerations on light waves vibrating in unison were con-
nected to the modern theory of optical coherence via the statistical
similarity of (scalar) fields and its equivalence to complete coherence
in both space–time and space–frequency domains [28, 29]. Complete
coherence of scalar fields is also related to cross-spectral purity [30].
As two fields with the same normalized spectrum interfere, the
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normalized spectrum of the resulting field may differ from that of
the original fields, unless the field is cross-spectrally pure [25, 31].
The developments recalled above concern optical field intensities
and second-order correlations. However, higher-order correlations
have a significant role in optical coherence theory, and they also
played a major role in the development of the quantum theory of
optical coherence [32]. Hanbury Brown and Twiss used intensity
correlations, i.e., fourth-order correlations with respect to the field, of
radio waves to determine the angular sizes of different astronomical
radio sources [33]. The Hanbury Brown and Twiss experiment was
repeated for filtered thermal light, with the result that photons from
a thermal source are correlated [34]. This experiment had significant
impact on quantum physics, and especially on the quantum theory
of light. In a seminal paper published in 1963, Glauber formulated
the quantum theory of optical coherence in terms of nth order
correlation functions, defined a completely coherent field as one
where the correlation functions factorize, and introduced the concept
of coherent states [35].
The coherence matrix formalism put forward by Wolf is remark-
able in that it forms a common foundation for the treatment of
both partial polarization and partial coherence of light [21]. The
modern theory of partially polarized fields is expressed in terms
of the equal-time, single-point coherence matrix, aptly called the
polarization matrix, which contains information on the intensities
of the orthogonal components of the field and the correlations be-
tween the components. The elements of the polarization matrix
have also been found to have a one-to-one correspondence with the
Stokes parameters. The degree of polarization, physically defined
for propagating beams as the ratio of the intensities in the polarized
part of the field and the total field, may be expressed in terms of
the elements or the eigenvalues of the polarization matrix [2], and
the Stokes parameters may be identified as being proportional to
the expansion coefficients in the decomposition of the polarization
matrix in terms of the Pauli matrices [21].
Conventionally, partial polarization has been considered for prop-
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agating beams, where the electric field may be taken to be transverse
to the propagation direction and thus consists of two orthogonal
components. However, there are many cases, such as beams fo-
cused at high numerical apertures and optical near fields, where
this approximation breaks down and the field must be treated as
consisting of three orthogonal components. In this thesis, in the
interest of brevity such a field is called a three-dimensional (3D) or
non-beamlike field, as opposed to the beamlike, two-dimensional
(2D) field. The dimensionality in this case refers to the number
of orthogonal components required to represent the field, not the
dimensionality of space in which the field is considered.
The physical definition of the degree of polarization for 3D fields
is more elusive than that for a 2D field. However, both the Stokes
parameters and the degree of polarization may be generalized to
3D fields in a way which is both physically and mathematically
analogous to the corresponding 2D quantities [36]. More specifically,
the Stokes parameters are defined as the expansion coefficients in the
decomposition of the polarization matrix in terms of the Gell-Mann
matrices [37]. The degree of polarization may be interpreted as the
root mean square average of the normalized correlation between
orthogonal components when the polarization matrix is subjected to
unitary transforms such that the intensities of all three components
are equal.
Other methods for characterizing partial polarization in 3D fields
have also been proposed, based on invariants of the rotational
group [38], von Neumann entropy [4, 39], intensity of the com-
pletely polarized part [40], distance between correlation matrices [41],
Rayleigh scattering [42], and non-quantum entanglement [43]. The
different definitions have been compared in terms, e.g., of degree of
directionality and degree of linear polarization [44] and majorization
of the eigenvalues of the polarization matrix [45].
Until quite recently, studies of optical coherence were limited
to scalar fields. The situation has changed after the turn of the
millennium, however. Partial coherence of vector fields may be
described using the electromagnetic degree of coherence [46, 47],
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whose physical basis is the fringe visibility and the modulation of the
polarization state in Young’s interference experiment [48]. Several
other definitions for the degree of coherence of electromagnetic,
partially polarized fields have also been proposed, based on the
visibility of intensity fringes in Young’s two pinhole experiment
[49–52], the eigenvalues of the normalized spectral coherence matrix
[53], and distance between matrices [54]. These definitions have
distinct physical implications, not among the least that the classes of
fields which are considered as completely coherent in the sense of
each of the definitions are quite different [55]. Important properties
are also crucially different, such as correspondence of complete
coherence and factorization of coherence matrix: complete coherence
in terms of the electromagnetic degree of coherence is equivalent to
the coherence matrix factorizing into a product of two vectors [47,56],
in agreement with Glauber’s definition of complete coherence [35],
while unit visibility of the intensity fringes only guarantees that the
trace of the coherence matrix factorizes [57]. Another difference is
the result of unitary transformations. The electromagnetic degree
of coherence [46] is invariant on unitary transformations, while the
intensity fringe visibility may be varied [58]. The various definitions
put forward have also been analyzed in terms of the correspondence
to complete dependence and complete independence of the optical
phase, a criterion used by Zernike to define complete coherence and
complete incoherence [59].
The electromagnetic degree of coherence [46] may be used to
define the effective (overall, global) degree of coherence, which is an
intrinsic property of the field itself, and not a position-dependent
quantity [60–63]. Higher-order correlations of the electric field have
been found to have a key role in polarization fluctuations. When
considered over a few optical cycles, even an unpolarized field has a
definite, instantaneous polarization state. Study of the polarization
dynamics, i.e., the statistical behavior of the polarization state, shows
that the fluctuations are dependent on both second- and fourth-
order correlations of the field [64,65]. If the field follows Gaussian
statistics, then the fourth-order correlations can be expressed in
Dissertations in Forestry and Natural Sciences No 179 5
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terms of second-order correlations, and the connection between
the polarization dynamics and the temporal degree of coherence is
revealed. It was also shown that the degree of polarization directly
gives the long time interval limit of the polarization correlations
[64]. Intensity and polarization correlation measurements are also
the basis of the electromagnetic analysis of the Hanbury Brown
and Twiss experiment [66], where the electromagnetic degree of
coherence has a role completely analogous to the (scalar) degree of
coherence in the original experiment [33].
The concept of cross-spectral purity has been extended to elec-
tromagnetic fields, e.g., in terms of the purity of the spectral den-
sity [67], purity of partial polarization [68], and purity of the Stokes
parameters [69]. It was pointed out that each Stokes parameter may
be cross-spectrally pure at a different point of the screen in Young’s
double pinhole experiment. Fields for which the spectral density
and the Stokes parameters are all cross-spectrally pure in the same
region were identified as strictly cross-spectrally pure [69].
While the statistically stationary field is in many cases a very
good approximation, the advent of pulsed lasers, wideband optical
modulators, and ultrafast detectors have brought along the need
to characterize the partial coherence and partial polarization of
nonstationary fields. A few studies of the partial coherence of
nonstationary scalar fields have been presented during the last two
decades [70–72]. Investigation of nonstationary vector fields has
been limited to some specific field types [73, 74].
An invaluable tool with both theoretical and practical applica-
tions in optical coherence theory is the coherent-mode decomposi-
tion (CMD). In essence, a partially coherent field is expressed as an
incoherent sum of completely coherent contributions (modes) [75];
moreover, the mode functions are orthogonal with respect to a
suitably chosen inner product. Originally defined for statistically
stationary scalar fields in the space–frequency domain [27,76], the
coherent-mode representation has later been extended to nonstation-
ary scalar fields [77] and stationary electromagnetic fields [78, 79].
In the latter, the CMD was instrumental in showing that the spectral
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coherence matrix of a partially coherent field may be represented
as a correlation matrix over a suitable ensemble of monochromatic
functions. The expansion coefficients in the CMD are also intimately
connected to the effective degree of coherence of the electromagnetic
field [62].
1.2 SCOPE OF THE THESIS
This thesis concerns several different fundamental aspects of co-
herence and polarization in electromagnetic fields. The two main
goals of this work are to systematically extend the formalism of
partial polarization and partial coherence to nonstationary fields,
and to investigate the properties of the CMDs of electromagnetic
fields, both stationary and nonstationary. The theme which connects
publications I–VII, and the overall theme of this whole thesis, is
the electromagnetic nature of light, i.e., light is not treated as a
scalar wave field but rather as a vector wave field. The vector nature
of the field is instrumental in many aspects of modern optics and
photonics, such as micro and nanophotonics [80, 81], light–matter in-
teraction [82], atmospheric optics [83, 84] and biophotonics [85], and
it is also inextricably linked to the connection between the electric
and magnetic components of a field [86].
Publications I and II consider certain polarization and coher-
ence phenomena in statistically stationary electromagnetic fields.
In Publication I, we investigate the dynamics of the polarization
state of a randomly fluctuating general (non-beamlike) field. It is
found that, for a field obeying Gaussian statistics, the character of
the polarization fluctuations is tied to both the partial polarization
and the partial coherence of the field. Remarkably, two fields with
the same degrees of polarization and (average) polarization states
may exhibit significantly different polarization dynamics from each
other. Publication II formulates statistical similarity for electromag-
netic fields and presents a systematic analysis for the connection of
statistical similarity in the space–time and space–frequency domains
with complete coherence, full polarization, and cross-spectral purity.
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Publications III and IV deal with partial polarization and partial
coherence of nonstationary fields, i.e., fields where the character of
fluctuations does not remain constant. Publication III presents a
systematic formulation for the partial polarization of nonstationary
fields, along with analyses of several examples of such fields. Publi-
cation IV investigates the effect of temporal imaging, i.e., temporal
manipulation of a nonstationary field [87], on partially coherent
and partially polarized pulses using the formalism introduced in
Publication III.
Publications V–VII concentrate on the coherent-mode decomposi-
tion (CMD) of partially polarized, partially coherent fields. Publica-
tion V puts forward the CMD for partially polarized, nonstationary
electromagnetic fields, showing, e.g., that unlike in the stationary
case, the coherent mode structure of a field is the same in space–
time and space–frequency domains. Publication V also forms a link
between two main topics of this thesis, that is, investigation of non-
stationary electromagnetic fields and the CMDs of electromagnetic
fields. Publication VI deals with the relationship of the CMDs of
the electric and magnetic components of a statistically stationary
electromagnetic field, and finally, publication VII discusses the con-
servation of the mode structure of a stationary electromagnetic field
on propagation.
Many aspects of this thesis deal with statistically stationary, ran-
domly fluctuating electromagnetic fields. Chapter 2 contains the
theoretical background of the partial coherence and partial polariza-
tion of stationary electromagnetic fields, with the last two sections
devoted to the discussion of polarization dynamics and statistical
similarity, the topics of Publications I and II, respectively. The second
major theme of this thesis, discussed in Chap. 3, are the polariza-
tion and coherence properties of nonstationary fields investigated in
Publication III in general and in Publication IV from the viewpoint
of temporal imaging. Chapter 4 deals with the CMD of stationary
fields, including the connection between the CMDs of the electric
and magnetic components of a field discussed in Publication VI and
the propagation properties studied in Publication VII, and with the
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CMD of nonstationary fields put forward in Publication V. Finally,
Chap. 5 presents the main conclusions and implications of this work
and future prospects. The Gaussian Schell model, which is applied
in a variety of forms in this work, is discussed in Appendix A.
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2 Second-order coherence
theory of stationary
electromagnetic fields
This chapter recalls the formalism of partial coherence and partial
polarization in stationary electromagnetic fields. In the latter sections
of the chapter, recent results concerning polarization fluctuations in
three-component, partially polarized fields are presented, among
with theorems concerning complete coherence in time and frequency
domains, statistical similarity, and electromagnetic cross-spectral
purity.
2.1 STATISTICALLY STATIONARY RANDOM FIELDS
In this chapter, we study fields which are statistically stationary,
i.e., the character of their random fluctuations does not vary with
time [21]. We note that, taken literally, this is a somewhat unphysi-
cal approximation; however, in practice a field may be considered
stationary as long as the fluctuations do not vary during the time
scale of interest.
We further differentiate between strictly stationary and wide-
sense stationary random fields. Fields for which all correlation
functions are independent of the origin of time are identified as
stationary in the strict sense. However, in the context of optical
coherence theory it is usually sufficient to require stationarity in
the wide sense only, i.e., that the second-order correlations are
independent of the origin of time. In this work, when we employ the
term “stationary”, we imply only the wide sense, unless otherwise
noted. Higher-order correlations are discussed briefly in Sec. 2.5,
where random fluctuations of the polarization state are described in
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terms of fourth-order correlations of the fields.
In our studies, we express the electric field in terms of the com-
plex analytic signal [21]
E(r, t) =
∫ ∞
0
E(r, ω)e−iωtdω, (2.1)
where the column vector E(r, ω) is the frequency-domain represen-
tation of the real field E(r)(r, t), r denotes position in space, and t
is time. The complex analytic signal is physically significant as a
quantity which results from the quantum mechanical analysis of
photodetection processes [21]. It has also several important mathe-
matical properties: as the name implies, it is analytic (with respect
to t) in the lower half-plane, its real part is proportional to the real
signal E(r)(r, t), and the real and imaginary parts constitute a Hilbert
transform pair. Moreover, the squares of the absolute values of the
orthogonal components of E(r, t) represent the instantaneous inten-
sity, and the phases contain information on the instantaneous phase
of the field components [88]. The integration limits ensure that the
complex analytic signal includes positive frequency components
only.
The origins of systematic study of optical coherence lie within the
coherence theory of scalar fields, initiated by the works of van Cittert,
Zernike, Wolf, and others [19, 20, 23]. In scalar coherence theory, the
central quantity is the degree of coherence, which is the normalized
second-order correlation of the scalar field V(r, t) at points r1 and r2
and at time delay τ. Physically, the degree of coherence characterizes
the ability of the fields V(r1, t) and V(r2, t + τ) to interfere. As
such, coherence has been an important phenomenon especially in
interferometry. Conventionally, the coherence properties of a field
are further divided into spatial and temporal coherence. In the
former, the correlations between the fields at two points in space are
considered, for example, in Young’s double pinhole experiment or
in a Michelson stellar interferometer. Temporal coherence, on the
other hand, describes the correlations as a function of the time delay
τ, instrumental, e.g., in Michelson interferometer.
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As the name implies, scalar coherence theory does not account
for the intrinsic vector nature of electromagnetic fields. Considering
light as a vector field enables coherence and polarization properties
of the field to be treated using the same formalism and reveals how
coherence and polarization are connected.
2.2 COHERENCE AND POLARIZATION MATRICES IN TIME
AND FREQUENCY DOMAINS
The second-order coherence properties of stationary, randomly fluc-
tuating electromagnetic fields in the space–time domain are de-
scribed by four coherence matrices: Γ(e)(r1, r2, τ) and Γ(h)(r1, r2, τ)
for correlations of the electric field and the magnetic field, respec-
tively, and Γ(m)(r1, r2, τ) and Γ(n)(r1, r2, τ) for mixed correlations of
the electric and magnetic fields. The coherence matrices are defined
as [21]
Γ(e)(r1, r2, τ) =
〈
E∗(r1, t)ET(r2, t + τ)
〉
, (2.2)
Γ(h)(r1, r2, τ) =
〈
H∗(r1, t)HT(r2, t + τ)
〉
, (2.3)
Γ(m)(r1, r2, τ) =
〈
E∗(r1, t)HT(r2, t + τ)
〉
, (2.4)
Γ(n)(r1, r2, τ) =
〈
H∗(r1, t)ET(r2, t + τ)
〉
, (2.5)
where the asterisk and the superscript T denote complex conjugation
and matrix transpose, respectively, and the angle brackets indicate
time average over a sufficiently large interval. We note that the
fields E(r, t) and H(r, t) are realizations of vector-valued random
processes. In this work we take the fields to be ergodic in addition to
being statistically stationary; ergodicity guarantees that any single
realization carries the same statistical information as any of the
other realizations, and moreover, the time average taken over any
realization is equal to the ensemble average over the ensemble of
realizations at any time t [21].
Complete description of the electromagnetic coherence properties
at r1 and r2 requires the electric, magnetic, and mixed coherence
matrices to be known. However, it is usually sufficient to study the
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coherence of the electric field only, as interaction between light and
the environment takes place predominantly via the electric field.
Therefore, unless otherwise stated, “coherence matrix” in this work
refers to Γ(e)(r1, r2, τ), or its space–frequency domain counterpart
W(e)(r1, r2, ω), which is introduced later. The superscript (e) is then
omitted, except where necessary to differentiate between the electric,
magnetic, and mixed coherence matrices. The relations between
the coherence properties of electric and magnetic fields are briefly
discussed in Sec. 4.4.
In general, an electromagnetic field consists of three orthogonal
components for both electric and magnetic fields, and therefore
the matrices Γ(f)(r1, r2, τ), f ∈ (e, h,m, n), are 3× 3 complex matri-
ces with elements Γ(f)ij (r1, r2, τ), i, j ∈ (x, y, z). In this thesis, such
fields are referred to as general, non-beamlike, or three-dimensional
(3D) fields, where the the dimensionality refers to the number of
orthogonal components required to describe the electric or magnetic
field vector. However, if the considered field is a propagating beam,
where the electric field component in the direction of the beam
propagation is negligible, then the field vector may be considered
transverse to the propagation direction, and the coherence properties
of the field are consequently described with a 2× 2 coherence matrix.
For convenience, the propagation direction is usually taken to be
the positive z direction, and the elements of the coherence matrix
are therefore Γ(f)ij (r1, r2, τ), i, j ∈ (x, y). Fields of this kind are, in this
work, referred to as beamlike or two-dimensional (2D) fields, where
again the dimensionality states that the electric or magnetic field
consists of two orthogonal field components.
Equal-time, single-point correlations of the field have special sig-
nificance as the origin of polarization phenomena. In the coherence
matrix formulation, the space–time domain polarization properties
of the field, i.e., the intensities of the orthogonal field components
and the correlations between the components, are included in the
polarization matrix
J(r) = Γ(r, r, 0). (2.6)
The diagonal elements 〈|Ei(r, t)|2〉, i ∈ (x, y) or i ∈ (x, y, z), give
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the intensity of each orthogonal component, and the off-diagonal
elements characterize the correlations between orthogonal field com-
ponents at r. Mathematically, the polarization matrix is a Hermitian,
nonnegative definite 2× 2 or 3× 3 matrix, depending on whether
the field is treated as a beam or as a general, 3D field. Quantities
characterizing the polarization of a field and their relation to the
polarization matrix are discussed in Sec. 2.3.
Above, we recalled the coherence and polarization matrices in
the space–time domain. However, it is often advantageous to for-
mulate the coherence properties of a field in the space–frequency
domain, especially due to propagation and light–media interaction
having appreciably simpler frequency domain expressions. We
noted that, for a statistically stationary field, the transition from time
domain to frequency domain is not straightforward as stationarity
of the fluctuating field necessarily implies that the field is not square
integrable over time, and accordingly, it does not have a Fourier
transform. However, in any physically relevant situation we may
take the elements of the coherence matrix Γ(r1, r2, τ) to be square
integrable,
∫ ∞
−∞|Γij(r1, r2, τ)dτ < ∞. Accordingly, the spectral coher-
ence matrix (in some works also called the cross-spectral density
matrix) W(r1, r2, ω) is defined as the Fourier transform of Γ(r1, r2, τ),
i.e., [89]
W(r1, r2, ω) =
1
2π
∫ ∞
−∞
Γ(r1, r2, τ)eiωτdτ, (2.7)
and
Γ(r1, r2, τ) =
∫ ∞
0
W(r1, r2, ω)e−iωτdω, (2.8)
where the latter integration is taken only over positive frequencies
owing to the complex analytic signal representation. Equations (2.7)
and (2.8) are also known as the (generalized) Wiener–Khinchine
theorem. As a consequence of the theorem, the diagonal elements
of W(r, r, ω) are recognized as the power spectra of the electric field
components. A notable feature of the space–frequency domain rep-
resentation of a stationary field is that the components (considered
as generalized functions) corresponding to different frequencies
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are uncorrelated [21]. As pointed out in Chap. 3, partial spectral
correlations indicate a nonstationary field.
The spectral coherence matrix W(r1, r2, ω) is not directly defined
as a correlation matrix of two vector fields, in contrast to the (tempo-
ral) coherence matrix Γ(r1, r2, τ). However, it has been shown that
W(r1, r2, ω) may be represented as a correlation matrix [79]
W(r1, r2, ω) = 〈E∗(r1, ω)ET(r2, ω)〉, (2.9)
where E(r, ω) may be interpreted as representing the field E(r, t) at
frequency ω, and the average is taken over an appropriate ensemble
of realizations. This result ensures that propagation, scattering, light–
matter interaction, and other problems for which space–frequency
domain formulation holds significant advantages over space–time
domain may be treated rigorously via ensemble averages in the
frequency domain.
Analogously to Eq. (2.6), the space–frequency domain polar-
ization properties are represented by the spectral polarization ma-
trix [89]
Φ(r, ω) = W(r, r, ω), (2.10)
whose diagonal elements Φii(r, ω) = 〈|Ei(r, ω)|2〉, i ∈ (x, y) or
i ∈ (x, y, z), are the spectral densities of the orthogonal components,
and the off-diagonal elements characterize correlations between
orthogonal components at ω. Whereas the temporal polarization
matrix J(r) is independent of time, the spectral polarization matrix
depends on the frequency, signaling that the spectral polarization
properties may vary with frequency.
The coherence and polarization matrices form the foundation of
the modern treatment of partial coherence and partial polarization.
The next sections recall the quantities used for characterizing the
polarization and coherence of statistically stationary electromagnetic
fields.
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2.3 PARTIAL POLARIZATION AND THE DEGREE OF
POLARIZATION
Partial polarization of the field depends on the correlations between
the orthogonal field components at a point r1 = r2 = r. Originally
considered in the space–time domain, the theory of partial polar-
ization may also be formulated in the space–frequency domain in
order to study the correlations at each frequency [89].
A field is considered fully polarized in the space–time domain at
r if the orthogonal components of E(r, t) are completely correlated.
In the space–frequency domain, full spectral polarization at a point
r and at frequency ω corresponds to complete correlation of the
components of E(r, ω). In general, the polarization matrices may be
expressed via the decomposition [4]
J(r) =
N
∑
k=1
Ik(r)eˆ∗k (r)eˆ
T
k (r), (2.11)
where N = 2 or N = 3 for beams and for general, three-component
fields, respectively, Ik(r) are nonnegative quantities which give the
intensity of each contribution to the field at r, and eˆk(r) are or-
thonormal (column) vectors specifying the polarization state of each
(completely polarized) contribution. Moreover, Ik(r) and eˆ∗k (r) are
the eigenvalues and eigenvectors, respectively, of J(r). Explicit ex-
pressions for the eigenvalues are known for the polarization matrices
of both beamlike [21] and non-beamlike [90] fields. The spectral
polarization matrix may be decomposed similarly, with Ik(r) and
eˆk(r) becoming frequency dependent. This representation shows
that a partially polarized field at some point r may be expressed
as a superposition of two (beamlike field) or three (general, non-
beamlike field) uncorrelated, orthogonally polarized contributions.
Full polarization, i.e., complete correlation of the orthogonal field
components, is thus equivalent to only one of the eigenvalues being
nonzero. On the other hand, in an unpolarized field each component
contributes equally. Since Eq. (2.11) is the spectral decomposition
(or eigendecomposition) of J(r), equal contributions of the different
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polarization components is equivalent to the polarization matrix
being proportional to the identity matrix.
The polarization of the field described by J(r) and Φ(r, ω) in
time and frequency domains, respectively, may be quantified using
the degree of polarization and the Stokes parameters [2], which are
presented in the following for beamlike (2D) and general (3D) fields.
The degree of polarization and the Stokes parameters are given
in the space–time domain, however, analogous definitions apply
also to the space–frequency domain, where the polarization matrix
J(r) is replaced by the spectral polarization matrix Φ(r, ω), and the
intensity, the degree of polarization, and the Stokes parameters are
replaced by the respective spectral quantities.
2.3.1 Beamlike fields
In a great variety of situations arising in optics, light propagates in a
beamlike fashion with a narrow angular distribution. In such cases
the electric field may be considered to be approximately transverse to
the propagation direction, and thus it can be represented using two
orthogonal components. The polarization matrix of a beam field may,
at any point r, be expressed as a sum of two polarization matrices,
J(r) = Jpol(r) + Junpol(r). The matrices Jpol(r) and Junpol(r) represent
a fully polarized field and an unpolarized field, respectively, and
their traces give the intensities of the fully polarized and unpolarized
fractions of the field. The degree of polarization is then defined as
the ratio of the intensity of the polarized part to the total intensity
of the field, i.e., [21]
P(r) =
tr Jpol(r)
tr J(r)
=
√
1− 4 det J(r)
tr2 J(r)
=
√
2
tr J2(r)
tr2 J(r)
− 1, (2.12)
where det and tr denote the determinant and the trace, respectively,
of a matrix. The degree of polarization attains values between zero
and unity, corresponding to completely unpolarized field and com-
pletely polarized field, respectively, at the point r. In addition to
Eq. (2.12), the degree of polarization is equal to the absolute value
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of the correlation coefficient between the orthogonal components in
a coordinate system where the intensities of the orthogonal compo-
nents are equal.
The decomposition of the polarization matrix into unpolarized
and fully polarized parts indicates that a beam with uniform inten-
sity and uniform polarization state may be expressed as a sum of
two beams, one unpolarized and the other fully polarized. However,
if the intensity and polarization state are not uniform, as is the case,
e.g., if diffraction of the field is considered, then such decomposition
may not exist [91–93].
More detailed information on the polarization state of the beam
is given by the Stokes parameters [2]
S0(r) = Jxx(r) + Jyy(r) = Ix(r) + Iy(r), (2.13)
S1(r) = Jxx(r)− Jyy(r) = Ix(r)− Iy(r), (2.14)
S2(r) = Jxy(r) + Jyx(r) = Iα(r)− Iβ(r), (2.15)
S3(r) = i[Jyx(r)− Jxy(r)] = Ir(r)− Il(r), (2.16)
where S0(r) is the total intensity of the field at r, and S1(r), S2(r), and
S3(r) give the excess of the intensity of the x polarized component
over the y polarized component, α polarized component over the
β polarized component, and right circularly polarized component
over the left circularly polarized component, respectively. The α
and β polarizations are defined by the unit vectors uˆα = (uˆx +
uˆy)/
√
2 and uˆβ = (−uˆx + uˆy)/
√
2, i.e., the coordinate system (α, β)
is obtained from the (x, y) coordinate system by rotating the latter
counterclockwise through 45◦. The subscripts r and l refer to right
and left circular polarizations, defined by the basis vectors uˆr =
(uˆx − iuˆy)/
√
2 and uˆl = (uˆx + iuˆy)/
√
2. The Stokes parameters may
also be recognized as being proportional to the expansion coefficients
in the decomposition of J(r) in terms of the identity matrix and the
Pauli spin matrices [21]. We note that, since the Pauli spin matrices
are linearly independent, there is a one-to-one mapping between the
polarization matrix and the quartet of Stokes parameters.
The Stokes parameters obey the relation S20(r) = [S
2
1(r) + S
2
2(r) +
S23(r)]/P
2(r) [2]. This prompts the definition of the normalized
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Figure 2.1: Poincaré sphere representation of the polarization state of a field. Point A
represents a partially polarized state and point B gives the corresponding fully polarized
state. The poles, s3 = −1 and s3 = 1, and the equator, s3 = 0, represent pure circularly
polarized states and linearly polarized states, respectively. The length of the Poincaré vector
s(r), shown here as OA, gives the degree of polarization, with the surface of the sphere
corresponding to fully polarized states. The Poincaré vector spol(r) corresponding to the
fully polarized part of the state represented by OA is found by continuing the vector to the
surface of the sphere, indicated by OB.
Stokes parameters
sk(r) = Sk(r)/S0(r), k ∈ (1, 2, 3), (2.17)
for which −1 ≤ sk(r) ≤ 1, and which fulfill the equation P2(r) =
s21(r) + s
2
2(r) + s
2
3(r). The degree of polarization and the polarization
state of the polarized part of the field may be described via the
Poincaré vector s(r) = s1(r)uˆ1 + s2(r)uˆ2 + s3(r)uˆ3, where uˆ1, uˆ2, uˆ3
are real orthonormal vectors spanning a three-dimensional vector
space [2, 94]. It is immediately evident that the length of the vec-
tor s(r) is equal to the degree of polarization at r. Accordingly,
Poincaré vectors may be visualized as the position vectors of points
within or on the surface of a unit sphere (the Poincaré sphere),
as illustrated in Fig. 2.1. The surface, the center, and the rest of
the interior points of the sphere indicate fully polarized, unpolar-
ized, and partially polarized states, respectively. Additionally, the
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Poincaré vector spol(r) corresponding to a fully polarized field with
the same polarization state as the polarized part of the field at r is
obtained simply via spol(r) = s(r)/P(r). Orthogonal polarization
states are identified by antiparallel Poincaré vectors, i.e., if the po-
larized parts of the field at r1 and r2 have orthogonal polarizations,
then s(r1)/P(r1) = −s(r2)/P(r2).
The Poincaré sphere provides a convenient method for visualiz-
ing different polarization states in an intuitive way, with the distance
of a point from the origin directly showing the degree of polarization.
The similarity of two polarization states may be characterized by the
angle between the respective Poincaré vectors, with more dissimilar
states being identified by larger angles. This geometric measure has
been applied, e.g., to characterize the polarization fluctuations of
random fields, as discussed later in Sec. 2.5.
As noted previously, the spectral degree of polarization and the
spectral Stokes parameters are defined analogously to the space–
time domain quantities. It has been pointed out that there seems
to be no explicit expression connecting the temporal and spectral
degrees of polarization P(r) and P(r, ω), as the spectral polarization
properties depend on temporal coherence [see Eqs. (2.7) and (2.10)],
while the temporal polarization does not [95, 96].
A closer investigation revealed that the mean spectral degree of
polarization P¯ω(r), defined as the spectral density weighted average
of P(r, ω), is related to the temporal degree of polarization. More
precisely, P¯ω(r) gives the maximal degree of polarization that can
be achieved by applying unitary (reversible) transformations in the
frequency domain [97]. For example, a beam of thermal light is
unpolarized both in time domain and at all frequencies. For such a
field P¯ω(r) = 0, indicating that the temporal degree of polarization
may be increased only by irreversible transformations, such as extin-
guishing one of the orthogonal components. In the other extreme,
highly coherent but temporally unpolarized light may be generated
by starting from a linearly polarized, coherent beam, splitting it into
two equal parts, delaying one of the components by τd, rotating the
polarization of the delayed component by 90◦ and then recombining
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the components. If the coherence time τc of the original beam is
much shorter than τd, then the resulting beam is unpolarized in
time domain, but fully polarized at all frequencies [95]. Accordingly,
P¯ω(r) = 1, and the field may be made fully polarized by applying
appropriate frequency-domain unitary transformations.
2.3.2 General, non-beamlike fields
In many situations, an optical field can be approximated as a purely
transverse wave, and its polarization properties may be described via
the formalism presented above. However, in tightly focused beams,
near-field optics, and many other cases a satisfactory treatment of
the polarization and coherence properties of the beam requires that
all three orthogonal components are taken into account.
For fields with two orthogonal components, the polarization
matrix may, at any point r, be expressed unambiguously as a sum of
two matrices, one corresponding to a fully polarized field and the
other to an unpolarized field. The degree of polarization is physically
defined as the ratio of the intensity of the polarized part to the total
intensity, as given in Eq. (2.12). However, for three-dimensional
fields such a decomposition, in general, does not exist [2, 4], and
accordingly, if one wants to describe partial polarization using a
single number another method needs to be used to define the degree
of polarization.
As noted in Sec. 2.3.1, the degree of polarization may be deter-
mined from the Stokes parameters. The Stokes parameters, in turn,
are obtained from the expansion coefficients in the representation
of the polarization matrix using the identity matrix and the Pauli
spin matrices as the linearly independent basis matrices. In three
dimensions, an equivalent decomposition can be made in terms of
the Gell-Mann matrices [37], and the expansion coefficients are in-
terpreted as the 3D Stokes parameters Λk(r), k ∈ (0, . . . , 8) [?, 36, 38].
The 3D Stokes parameters are then used to define the 3D degree
of polarization P3(r) via its square as P23 (r) = ∑
8
k=1Λ
2
k(r)/[3Λ
2
0(r)].
The degree of polarization may be expressed in terms of the polar-
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ization matrix as [36]
P3(r) =
√
3
2
[
tr J2(r)
tr2 J(r)
− 1
3
]
, (2.18)
where the scaling ensures that 0 ≤ P3(r) ≤ 1. The lower limit corre-
sponds to a field where the orthogonal (Cartesian) components are
completely uncorrelated and have the same intensities, i.e., an unpo-
larized field. The upper limit indicates that the field components are
completely correlated and the field is therefore fully polarized. The
quantity P3(r) may also be defined as the square root of the arith-
metic mean of the absolute squares of the normalized correlations
between the orthogonal field components in a coordinate system
where the intensities of the components are all equal [36]. An expres-
sion analogous to Eq. (2.18) may be used to obtain the spectral 3D
degree of polarization P3(r, ω) from the 3× 3 spectral polarization
matrix Φ(r, ω). Other measures for the degree of polarization have
also been put forward and evaluated [4, 44, 45] (see also Sec. 1.1).
It should be noted that a field consisting of only two orthogonal
components is always at least partially polarized in the sense of the
3D degree of polarization with P3(r) ≥ 1/2, due to the electric field
oscillating in a plane [36].
Analogously to 2D fields, we may define the normalized 3D
Stokes parameters λk(r) = Λk(r)/[
√
3Λ0(r)], k ∈ (1, . . . , 8), and the
Poincaré vector λ(r) = ∑8k=1 λk(r)uˆk, where the orthonormal real
vectors uˆk span an eight-dimensional (real) vector space. Due to the
high dimensionality, the 3D Poincaré vectors may not be of much
help in visualizing the polarization state, but they are nonetheless
useful in quantifying the similarity of different polarization states. If
the vectors λ(r1) and λ(r2) represent two fully polarized states, then
their scalar product is limited as −1/2 ≤ λ(r1) · λ(r2) ≤ 1, where
the upper and lower limits correspond to the polarization states
being the same and being orthogonal, respectively. Compared to the
2D Poincaré vector formalism, a curious feature of the 3D Poincaré
space is that the vectors representing orthogonal polarization states
are not antiparallel. This indicates that some regions of the eight-
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dimensional analog of the Poincaré sphere are not accessible at all,
which complicates the interpretation of the 3D Poincaré vector as a
position vector within a hypersphere.
2.4 PARTIAL COHERENCE AND THE ELECTROMAGNETIC
DEGREE OF COHERENCE
In the scalar context, partial coherence characterizes the correlations
between random fields at two points [21]. In the case of vector
fields, however, the correlations between the orthogonal field compo-
nents introduce more variety, as correlations between these different
components need to be considered.
The coherence of an electromagnetic field may be quantified in
the space–time and space–frequency domains with the temporal and
spectral degrees of coherence γ(r1, r2, τ) and μ(r1, r2, ω), introduced
as [46, 56]
γ2(r1, r2, τ) =
tr[Γ†(r1, r2, τ)Γ(r1, r2, τ)]
tr J(r1) tr J(r2)
, (2.19)
μ2(r1, r2, ω) =
tr[W†(r1, r2, ω)W(r1, r2, ω)]
trΦ(r1, ω) trΦ(r2, ω)
. (2.20)
These equations were originally given for fields with two orthogonal
components; however, they may be extended for 3D fields using
the same definitions. The degrees of coherence are limited between
zero and unity, with the former corresponding to complete inco-
herence and the latter to complete coherence at the points r1 and
r2 and at the specified time delay τ or frequency ω. Physically,
complete coherence and complete incoherence correspond to all
orthogonal components at the two points being fully correlated and
uncorrelated, respectively.
The degree of electromagnetic coherence may be interpreted in
terms of Young’s double pinhole experiment, shown in Fig. 2.2, when
the considered field is beamlike and may be treated as consisting of
only two orthogonal components. Light impinges on the pinholes
A1 and A2 such that the fields at the holes are E(r1, ω) and E(r2, ω),
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respectively. The fields diffract at A1 and A2 and interfere on
the screen B. Interference is manifested via modulation of the
spectral density and of the Stokes parameters, as shown by the
electromagnetic temporal [98] and spectral [99] interference laws.
The degree of coherence defined in Eq. (2.20) measures directly the
modulation contrasts, giving an intuitive physical interpretation for
μ(r1, r2, ω) [48].
Figure 2.2: Young’s double pinhole experiment for electromagnetic fields. The fields at
the pinholes A1 and A2 are E(r1, ω) and E(r2, ω), respectively. Light diffracts from the
pinholes to impinge the screen B, where the fields interfere to produce interference fringes
or modulation of the Stokes parameters.
We note that other definitions for the degree of coherence of elec-
tromagnetic fields have been proposed [51,53, 54] (see also Sec. 1.1).
In the space–frequency domain, Wolf put forward a straightforward
extension of the scalar degree of coherence [51], which may be inter-
preted as the visibility of intensity fringes in Young’s double pinhole
experiment. However, it does not properly account for the coher-
ence of fields with different polarizations. For example, a field with
E(r1, ω) = E(ω)uˆx and E(r2, ω) = E(ω)uˆy, where uˆx and uˆy are unit
vectors in the x and y directions, respectively, would produce no
visible interference fringes in the double pinhole experiment, and
Dissertations in Forestry and Natural Sciences No 179 25
Timo Voipio: Partial Polarization and Coherence in Stationary and
Nonstationary Electromagnetic Fields
accordingly using the intensity fringe visibility as a measure for par-
tial coherence the field would be deemed completely incoherent. In
contrast, since the orthogonal components are completely correlated
between r1 and r2, the field is considered completely coherent in the
sense of Eq. (2.20). This is due to Eqs. (2.19) and (2.20) incorporating
also the modulation of the polarization state.
The polarization properties of an electromagnetic field are intrin-
sically connected to its coherence properties considered at a single
point, as evident from Eqs. (2.6) and (2.10). Consequently, also the
degree of polarization and the degree of coherence, the latter con-
sidered at r1 = r2 = r, are connected via a linear relationship of
their squares, the exact equation depending on whether the field
is treated as beamlike or non-beamlike. The degree of polarization
may consequently be interpreted in interferometric terms and de-
termined using Young’s double pinhole setup [98]. Moreover, as
shown in Publication II and discussed in Sec. 2.6, a field which is
completely coherent at the pair of points r1 and r2 is necessarily fully
polarized at both points.
The coherence matrix of a beam may be expressed in a physically
meaningful way using the two-point Stokes parameters Sk(r1, r2, τ),
k ∈ (0, . . . , 3), and Sk(r1, r2, ω), k ∈ (0, . . . , 3), in the space–time [100]
and space–frequency [101] domains, respectively. Mathematically,
the two-point parameters are completely analogous to the conven-
tional, single-point Stokes parameters as the expansion coefficients
in the representation of the coherence matrix in the basis formed by
the Pauli matrices. Extension to three-component fields may be done
similarly, with the expansion basis being the Gell-Mann matrices as
used to define the Stokes parameters for three-component fields [36].
The two-point Stokes parameters of beams may be written as
sums or differences of the diagonal elements of coherence matrices
expressed in suitable coordinate systems, analogously to the repre-
sentation of single-point Stokes parameters in terms of component
intensities as shown in Eqs. (2.13)–(2.16), and the parameters may
be determined experimentally using relatively simple variations
of Young’s two-pinhole interferometer [102]. The space–frequency
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domain two-point parameters also have a central role in the electro-
magnetic spectral interference law [99] and in the interpretation of
the degree of coherence as a measure of the modulation contrasts
of the (single-point) Stokes parameters in Young’s double pinhole
experiment [48].
In general, the space–time and space–frequency degrees of coher-
ence do not admit a simple relationship. Normalized temporal and
spectral correlation coefficients may be determined from each other
by a generalized version of the theorem connecting the space–time
domain and the space–frequency domain degrees of coherence [103],
as shown in Publication II. However, if the field is strictly cross-
spectrally pure at a pair of points r1 and r2 and for some time delay
τ0, then the spectral degree of coherence is the same at all frequen-
cies at r1 and r2, and moreover, equal to the temporal degree of
coherence γ(r1, r2, τ0) [69].
2.5 POLARIZATION DYNAMICS
In the previous sections the Stokes parameters, which describe the
polarization state of a field, were defined in the time domain as
second-order correlation functions, i.e., statistical averages. However,
for sufficiently small time intervals (at least a few optical cycles) the
polarization state of the field is well defined, that is, the field always
has a definite instantaneous polarization state [64], and partial po-
larization may be recognized as a result of the time evolution of the
instantaneous polarization. The dynamics of the time evolution has
been studied for 2D fields using geometric [64] and intensity-based
formalism [65]. A method for the experimental characterization of
the polarization dynamics of beams has also been proposed [104].
In 2D fields the complex analytic signal representing the electric
field is used to define the instantaneous Stokes parameters and the
instantaneous Poincaré vector, which in turn may be normalized to
express the instantaneous polarization state [64]. Alternatively, the
complex analytic signal written as a column vector may be identified
as a Jones vector [2], and the normalized Jones vector is used to
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describe the instantaneous polarization state [65]. In Publication I
analogous methods are applied to study the polarization dynamics
of 3D fields.
The complex analytic signal E(t), treated as a three-component
column vector, may be used to define the instantaneous Stokes
parameters Λk(t), k ∈ (0, . . . , 8), as given in Eqs. (8a)–(8i) of Publi-
cation I. In the interest of simplified notation, the dependence on
position r is not shown, and it is understood that all quantities are
evaluated at a single point. The instantaneous (3D) Poincaré vec-
tor is defined as Λ(t) = ∑8k=1Λk(t)uˆk, where the real orthonormal
vectors uˆk span an eight-dimensional space. The Poincaré vector
may be expressed as a product Λ(t) =
√
3λˆ(t)Λ0(t), where λˆ(t)
is a real unit vector characterizing the polarization state, Λ0(t) is
identified as the instantaneous intensity, and the factor
√
3 stems
from the normalization of λˆ(t). Similarity of polarization states at
t1 and t2 may be characterized via the scalar product λˆ(t1) · λˆ(t1).
This product is limited between −1/2 and unity, corresponding to
the polarization states at t2 and t2 being orthogonal and the same,
respectively.
The polarization correlation function γP,3(τ) is defined as the
intensity weighted average of the scalar product above, i.e.,
γP,3(τ) =
〈Λ(t) ·Λ(t + τ)〉
3 〈Λ0(t)Λ0(t + τ)〉 , (2.21)
which attains values in the interval −1/2 ≤ γP,3(τ) ≤ 1, γP,3(0) = 1.
The upper and lower limits correspond to the polarization states at t
and t+ τ being the same and being orthogonal, respectively, for all t.
The upper and lower limits correspond the polarization state being
completely correlated and completely anticrrelated, respectively, at
delay τ. Equation (2.21) describes the average distance between
the polarization states at t and t + τ, where the distance is defined
via the scalar product of normalized Poincaré vectors. In the case
of 2D fields, the Poincaré vectors belong to a three-dimensional
real vector space and the scalar product gives the cosine of their
angular separation. For 3D fields the Poincaré vectors are elements
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in an eight-dimensional vector space, and thus the scalar product
of Poincaré vectors is interpreted just as an abstract measure of the
distance between polarization states.
It should be noted that the correlation functions in both the
numerator and the denominator of Eq. (2.21) are of fourth order
with respect to the field, and thus the formula has been derived
with the implicit assumption that, in addition to the second-order
correlations, also the fourth-order correlation functions depend on
time only via the interval τ. This requirement is slightly stricter than
the wide-sense stationarity assumed throughout this chapter.
If the fields obeys Gaussian statistics, all of the higher-order
correlations may be expressed in terms of second-order correlation
functions as a result of the Gaussian moment theorem [21]. Accord-
ingly, Eq. (2.21) may be written as
γP,3(τ) =
P23 − γ2(τ)/2+ 3|γW(τ)|2/2
1+ γ2(τ)
, (2.22)
where γW(τ) is the intensity fringe visibility
γW(τ) =
tr Γ(τ)
tr J
. (2.23)
Equation (2.22) reveals that the polarization state fluctuations are
heavily influenced by the coherence properties of the field, as indi-
cated by the presence of the degree of coherence γ(τ) and fringe
visibility γW(τ). In the limit τ → ∞ the ergodicity of the field en-
sures that the correlations within the field die out, limτ→∞ γ2(τ) =
limτ→∞|γW(τ)|2 = 0, and as a result limτ→∞ γP,3(τ) = P23 . The de-
gree of polarization may therefore be interpreted as a measure of
the average distance of the polarization states in the large interval
limit, analogouosly to 2D fields [64].
In addition to the geometric measure of polarization state simi-
larity, the distance between polarization states can be characterized
via normalized Jones vectors eˆ(t) = E(t)/|E(t)|. As pointed out in
the context of 2D fields, the quantity |eˆ∗(t) · eˆ(t+ τ)|2 represents the
fraction of the intensity at t + τ which is in the same polarization
Dissertations in Forestry and Natural Sciences No 179 29
Timo Voipio: Partial Polarization and Coherence in Stationary and
Nonstationary Electromagnetic Fields
state as the field was at time t. The average similarity of the po-
larization states may be described by taking the intensity-weighted
average of this quantity, i.e.,
γJ,3(τ) =
〈|E∗(t) · E(t + τ)|2〉
〈I(t)I(t + τ)〉 . (2.24)
Although γP,3(τ) and γJ,3(τ) have been defined starting from rather
different ways of characterizing the similarity of polarization states,
it turns out that γP,3(τ) = [3γJ,3(τ)− 1]/2; this result stems from
the connection between the scalar products of the Poincaré vectors
and of the Jones vectors, as outlined in Secs. III.B and III.C and the
Appendix of Publication I. The interpretation of the polarization cor-
relation functions are therefore similar, as the functions are linearly
dependent.
The normalized correlation functions γP,3(τ) and γJ,3(τ) may be
used to define the polarization time τp of a partially polarized field.
Analogously to the coherence time τc, τp may be chosen as the time
interval during which the value of γP,3(τ) or γJ,3(τ) decreases below
a certain threshold, e.g., 1/2. For 2D fields the polarization time
has been used to introduce the (longitudinal) polarization length
of a beam as the distance over which a beam propagates during
the polarization time [64], however in 3D fields the propagation
direction is not well defined and thus a polarization length is not
put forward.
In Publication I the polarization dynamics of several different
3D fields were analyzed. An illustrative example is the blackbody
cavity, where the field is isotropic and in thermal equilibrium with
the cavity walls. As a result of the isotropicity, the field within
the cavity is unpolarized. The temporal coherence matrix for such
a field is known explicitly [105], and an analytic expression may
be obtained for γP,3(τ) in terms of the temperature of the cavity.
When the polarization time is defined as the shortest interval τp
for which γP,3(τp) = 1/2, it is obtained that fields at 2.8K and
300K have polarization times of 1.30 ps and 12.2 fs, respectively.
Although the fields cannot be distinguished by looking at the degree
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of polarization, both being unpolarized, the time scales of their
polarization dynamics differ by two orders of magnitude.
The study of the polarization dynamics sheds more light on the
connection between partial polarization and partial coherence of
electromagnetic fields, and also reveals how the higher-order corre-
lations of the field are manifested in the polarization fluctuations of
stationary fields. It has been proposed that polarization fluctuations
may be used for encoding optically transmitted information [106],
with the advantage over encoding information in the polarization
state being that the polarization state does not need to be conserved
over the length of the propagation medium.
2.6 STATISTICAL SIMILARITY AND COMPLETE
COHERENCE
In the context of scalar coherence theory, complete coherence of ran-
domly fluctuating, statistically stationary fields has been connected
to their statistical similarity [28–30, 107]. Two scalar fields are con-
sidered statistically similar in time domain at a certain time delay if
they are proportional to each other by a deterministic multiplicative
factor. In the frequency domain, statistical similarity at a certain
frequency is defined as the fields being directly proportional to each
other at that frequency. It was established in both time [28] and
frequency [29] domains that statistical similarity is equivalent to
complete coherence. Moreover, complete coherence in time domain
at some time delay was shown to be equivalent to the fields being
spectrally completely coherent at all frequencies and cross-spectrally
pure [30, 107].
In the context of electromagnetic fields, the relationship between
statistical similarity and complete coherence is considerably more
complex. The connection between complete coherence, statistical
similarity, and cross-spectral purity were studies in Publication II,
and the main results are summarized in Table 2.1. We defined the
statistical similarity of stationary electromagnetic fields in both time
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and frequency domains, respectively, via
E2(t + τ0) = Mτ0E1(t), (2.25)
E2(ω) = M(ω)E1(ω), (2.26)
where Mτ0 and M(ω) are the deterministic temporal and spectral
similarity matrices The fields E1(t) and E2(t) are formally treated as
different fields, with the understanding that they may be the values
of the same field at two different spatial points, i.e., E1(t) = E(R1, t)
and E2(t) = E(R2, t). It was shown that in time domain, complete
mutual coherence of E1(t) and E2(t) at time delay τ0 is equivalent
to the fields being statistically similar, and moreover, fully polarized.
Analogous result holds in the frequency domain, where complete
coherence at some ω is equivalent to the fields being statistically
Table 2.1: Summary of the results concerning complete coherence of scalar fields and
electromagnetic fields in space–time and space–frequency domains.
Scalar Electromagnetic
|γ(τ0)| = 1 ⇔
E1(t) and E2(t) similar at τ0
γ(τ0) = 1 ⇔
E1(t) and E2(t) similar at τ0 and
fully polarized
|μ(ω)| = 1 ⇔
E1(ω) and E2(ω) similar at ω
μ(ω) = 1 ⇔
E1(ω) and E2(ω) similar and
spectrally fully polarized at ω
|γ(τ0)| = 1 at some τ0 ⇒
|μ(ω)| = 1 at all ω
γ(τ0) = 1 at some τ0 ⇒
μ(ω) = 1 at all ω
|μ(ω)| = 1 for all ω, E1(ω) and
E2(ω) cross-spectrally pure ⇔
|γ(τ0)| = 1 at some τ0
μ(ω) = 1 for all ω, E1(ω) and
E2(ω) strictly cross-spectrally
pure ⇒
γ(τ0) = 1 at some τ0
E1(ω) and E2(ω) cross-spectrally
pure ⇔
β(ω) = β exp(iωτ0)
E1(ω) and E2(ω) strictly
cross-spectrally pure ⇒
M(ω) = M exp(iωτ0)
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similar and fully polarized at that frequency. In contrast to scalar
fields, statistical similarity is not a sufficient condition for complete
coherence, as partial polarization of either of the statistically similar
fields implies that they are only partially coherent. Conversely, we
showed that if two fields are completely coherent, then they are
necessarily fully polarized.
Statistical similarity may also be used to investigate the con-
nection of complete coherence in time and frequency domains, as
detailed in Sec. 5 of Publication II. Analogously to the scalar case,
it was established that temporally completely coherent fields are
necessarily spectrally completely coherent at all frequencies. More-
over, the spectral polarization states of the fields in such a case were
shown not to vary with ω, which is in line with results obtained
previously for the connection of partial polarization in time and fre-
quency domains [95]. Complete spectral coherence at all frequencies,
however, was found not to imply that the fields were also temporally
completely coherent.
In scalar coherence theory, the necessary condition for spec-
trally completely coherent fields to be also temporally completely
coherent was found to be that the fields are cross-spectrally pure.
Cross-spectral purity of the fields is understood best via Young’s
double pinhole experiment depicted in Fig. 2.2. The fields at the
pinholes are assumed to have the same normalized spectrum. In the
scalar treatment, the fields are considered cross-spectrally pure if,
in a neighborhood of some point on the screen B, the normalized
spectrum of the interference pattern is the same as the that of the
fields at the pinholes [21].
Within electromagnetic theory the cross-spectral purity may be
defined via either the modulation of the spectral density [67] or via
the modulation of the Stokes parameters [69]. For consideration of
complete electromagnetic coherence we employ the notion of strict
cross-spectral purity [69]: the fields at the pinholes, taken to have
the same normalized spectra and normalized Stokes parameters,
are considered strictly cross-spectrally pure if near some point r0 of
the screen B the normalized spectrum and the normalized Stokes
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parameters are the same as at the pinholes. This also implies that
the (spectral) polarization state and the degree of polarization are
identical at both of the pinholes and at the screen.
Complete spectral coherence and strict cross-spectral purity at
all frequencies, together with complete spectral polarization, was
discovered to be a sufficient condition for the fields at the pinholes
to be also temporally completely coherent, analogously to the scalar
case [107]. However, in deviation from the scalar case, strict cross-
spectral purity is not a necessary condition for complete temporal
coherence; as discussed in Sec. 6 of Publication II, the fields may
have different polarization states and still be completely coherent at
some time delay and at all frequencies. This highlights the intricate
connection between polarization and electromagnetic coherence, as
there is no comparable case in scalar theory.
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electromagnetic fields
Chapter 2 recalled the theory of partial coherence and partial polar-
ization of stationary electromagnetic fields. However, the stationary
formalism is not sufficient when the character of the random fluctu-
ations does not remain constant, for example, if the field consists of
short pulses. This chapter presents the formalism for treating par-
tial coherence and polarization of nonstationary electromagnetic
fields, bridging together prior studies of stationary electromag-
netic fields [21,46,47] and those dealing with nonstationary scalar
fields [70, 71, 108–112].
The electric field E(r, t) is represented as a complex analytic
signal [see Eq. (2.1)]. However, in deviation from the stationary
formalism, the field is taken to be square integrable with respect to
time t, and therefore the space–frequency domain representation is
directly recognized as the Fourier transform
E(r, ω) =
1
2π
∫ ∞
−∞
E(r, t)eiωtdt. (3.1)
This allows for a straightforward treatment of space–frequency do-
main quantities. In this chapter only the electric field is considered,
however, the formalism may be extended also to magnetic fields
without any difficulty.
3.1 COHERENCE AND POLARIZATION MATRICES
The second-order coherence properties of a nonstationary, fluctuat-
ing electric field are encompassed by the coherence matrix defined
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in Publication III
Γ(r1, r2, t1, t2) = 〈E∗(r1, t1)ET(r2, t2)〉, (3.2)
where the angle brackets denote ensemble average over the real-
izations of the field. The elements Γij(r1, r2, t1, t2), i, j ∈ (x, y) or
i, j ∈ (x, y, z), of the coherence matrix describe the correlations of
the orthogonal components of the fields at (r1, t1) and (r2, t2). The
significant difference to the coherence matrix of stationary fields
[Eq. (2.2)] is the explicit dependence on both times t1 and t2, not
just their difference τ, highlighting that the coherence properties
may vary when t1 and t2 are shifted by identical amounts. The
polarization properties of the field can be represented using the
polarization matrix
J(r, t) = Γ(r, r, t, t), (3.3)
analogously to J(r) defined in Eq. (2.6). Diagonal elements Ii(r, t) =
Jii(r, t), i ∈ (x, y) or i ∈ (x, y, z), give the intensities of each of the
orthogonal components at (r, t). In contrast to the stationary case,
the elements of J(r, t) now depend explicitly on time.
In the space–frequency domain, the spectral coherence matrix is
defined directly as the correlation matrix
W(r1, r2, ω1, ω2) = 〈E∗(r1, ω1)ET(r2, ω2)〉, (3.4)
where the elements describe the correlations of the components
of E(r, ω) at (r1, ω1) and (r2, ω2). Notably, the spectral coherence
matrix depends on two frequencies, compared to the corresponding
stationary matrix W(r1, r2, ω). This is a direct consequence of nonsta-
tionarity. The single-point, single-frequency correlations cause the
spectral polarization phenomena, and they are formally described
using the spectral polarization matrix
Φ(r, ω) = W(r, r, ω, ω). (3.5)
Diagonal components ofΦ(r, ω) are the spectral densitiesΦii(r, ω) =
〈|Ei(r, ω)|2〉, i ∈ (x, y) or i ∈ (x, y, z), and the off-diagonal compo-
nents describe the correlations between the orthogonal components
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at (r, ω). It may be noted that the stationary spectral polarization
matrix [Eq. (2.10)] is formated in a way which is very similar to
Eq. (3.5). However, it is defined directly as the Fourier transform
of the temporal coherence matrix at r1 = r2 = r, and as such the
temporal coherence properties at that point may be determined from
the spectral polarization matrix alone via Eq. (2.8). The nonstation-
ary spectral polarization matrix, however, is the correlation matrix
of the Fourier transforms of the time-domain field, and it contains
only partial information on the temporal coherence. This is due to
Φ(r, ω) not including information on the spectral correlations.
As evident from the Fourier transform relations connecting the
space–time and space–frequency domain representations of the field
and the definition of the coherence matrices as correlation functions,
the temporal and spectral coherence matrices obey the integral
transform relations
W(r1, r2, ω1, ω2) =
1
4π2
∫ ∞
−∞
∫ ∞
−∞
Γ(r1, r2, t1, t2)ei(−ω1t1+ω2t2)dt1dt2,
(3.6)
Γ(r1, r2, t1, t2) =
∫ ∞
0
∫ ∞
0
W(r1, r2, ω1, ω2)e−i(−ω1t1+ω2t2)dω1dω2.
(3.7)
These expressions correspond to Eqs. (2.7) and (2.8) for stationary
fields. Equations (3.6) and (3.7) also show the connection between
nonstationary and stationary formalisms: setting Γ(r1, r2, t1, t2) =
Γ(r1, r2, t2 − t1) in Eq. (3.6) yields that the spectral coherence ma-
trix is of the form W(r1, r2, ω1, ω2) = W(r1, r2, ω¯)δ(ω2 − ω1), where
W(r1, r2, ω¯) is the stationary spectral coherence matrix and ω¯ =
(ω1 + ω2)/2, showing that in the stationary limit the different fre-
quency components necessarily become uncorrelated. The inverse
also applies, as can be seen from Eq. (3.7) by requiring that the
field is spectrally uncorrelated, i.e., the spectral coherence matrix is
of the form W(r1, r2, ω1, ω2) = W(r1, r2, ω¯)δ(ω2 − ω1). This results
in Γ(r1, r2, t1, t2) = Γ(r1, r2, t2 − t1), indicating that the uncorrelated
spectral components immediately lead to a temporal coherence ma-
trix corresponding to a (wide-sense) stationary field.
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Equation (3.7) also shows that the temporal polarization prop-
erties, i.e., correlations at a single point r = r1 = r2 and at a single
time t = t1 = t2, depend both on the spectral polarization and
on the spectral coherence properties, whereas in stationary fields
the polarization properties at all frequencies completely determine
the temporal polarization state. This is due to the complete spec-
tral incoherence, which is equivalent to stationarity. Nonstationary
fields with the same spectral polarization properties may thus ex-
hibit different temporal polarization characteristics. This may be
quantified by the polarization equivalence relations discussed in
Sec. 4 of Publication III.
3.2 PARTIAL POLARIZATION AND THE DEGREE OF
POLARIZATION
In nonstationary fields the intensities of and correlations between
the orthogonal components of E(r, t) are time dependent quantities.
Regardless, the polarization properties may be characterized using
concepts similar to the stationary fields, while keeping in mind that
the polarization properties may vary in time. Full polarization at
(r, t) corresponds to the orthogonal field components being com-
pletely correlated, while an unpolarized field has no correlations
between the field components, which, moreover, have the same
intensity.
As shown in Publication III, the degree of polarization P(r, t) for
nonstationary beams is
P(r, t) =
√
1− 4 det J(r, t)
tr2 J(r, t)
, (3.8)
which is derived from the representation of the field at (r, t) as
a superposition of fully polarized and unpolarized contributions.
The degree of polarization is limited as 0 ≤ P(r, t) ≤ 1, with the
lower and upper bounds indicating unpolarized and completely
polarized fields, respectively, and values in between corresponding
to partially polarized fields. The polarization state may be quantified
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using the Stokes parameters Sk(r, t), k ∈ (0, . . . , 3), with the same
definition and interpretation as the stationary Stokes parameters
given in Eqs. (2.13)–(2.16).
In the space–frequency domain, the spectral degree of polariza-
tion (for beamlike fields) is defined as
P(r, ω) =
√
1− 4 detΦ(r, ω)
tr2Φ(r, ω)
, (3.9)
where the spectral polarization matrix is as given in Eq. (3.5). The
degree of polarization characterizes the correlations between or-
thogonal field components at the given frequency ω in the same
way as the spectral degree of polarization of stationary fields [89,
Sec. 9.2], and therefore its functional form is exactly the same.
The spectral polarization state can be described using the spec-
tral Stokes parameters, given in Eqs. (28)–(31) of Publication III. The
spectral degree of polarization is related to the normalized spec-
tral Stokes parameters sk(r, ω) = Sk(r, ω)/S0(r, ω) via P2(r, ω) =
s21(r, ω) + s
2
2(r, ω) + s
2
3(r, ω), analogously to nonstationary tempo-
ral Stokes parameters or stationary (temporal or spectral) Stokes
parameters.
The relationships between temporal and spectral degrees of po-
larization for various stationary fields were discussed in Sec. 2.3.1,
where it was pointed out that, e.g., the spectral density weighted
average of the spectral degree of polarization is also the maximal
temporal degree of polarization when the field is subjected to spec-
tral unitary transformations. This directly implied that the temporal
degree of polarization is necessarily less than or equal to the maxi-
mum value of maxω P(r, ω). For nonstationary fields, however, this
does not hold, as can be seen from Sec. 5.A of Publication III: a Gaus-
sian Schell-model beam with P(ω) = Ps independent of frequency
nonetheless may exhibit a temporal window where P(t) > Ps.
The temporal and spectral Stokes parameters of nonstationary
fields are not directly related to each other, unlike in the station-
ary case, where the temporal Stokes parameters are obtained via
integration of their space–frequency domain counterparts over all
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frequencies. However, as pointed out in the next section, the tem-
poral and spectral two-point Stokes parameters are related by the
virtue of Eqs. (3.6) and (3.7).
3.3 PARTIAL COHERENCE AND THE ELECTROMAGNETIC
DEGREE OF COHERENCE
The partial coherence of a nonstationary electromagnetic field may
be characterized using an extension of the stationary formalism pre-
sented in Sec. 2.4. The quantities γ(r1, r2, t1, t2) and μ(r1, r2, ω1, ω2),
defined through their squares as
γ2(r1, r2, t1, t2) =
tr[Γ†(r1, r2, t1, t2)Γ(r1, r2, t1, t2)]
tr J(r1, t1) tr J(r2, t2)
, (3.10)
μ2(r1, r2, ω1, ω2) =
tr[W†(r1, r2, ω1, ω2)W(r1, r2, ω1, ω2)]
trΦ(r1, ω1) trΦ(r2, ω2)
, (3.11)
are mathematically analogous to the temporal and spectral degrees
of coherence defined via Eqs. (2.19) and (2.20). The extension to
nonstationary fields may be justified by noting that the fractions in
Eqs. (2.19) and (2.20) represent averages, weighted by intensities and
spectral densities, respectively, of the absolute value squared of the
correlation coefficients between different field components [46,47].
The quantities γ(r1, r2, t1, t2) and μ(r1, r2, ω1, ω2) are nonnegative,
and their maximum value may be determined to be unity, which is
achieved if, and only if, all field components are perfectly correlated
between (r1, t1) and (r2, t2) in the space–time domain or (r1, ω1) and
(r2, ω2) in the space–frequency domain. As a result, γ(r1, r2, t1, t2)
and μ(r1, r2, ω1, ω2) are taken to be the degrees of coherence of non-
stationary fields in the space–time domain and the space–frequency
domain, respectively.
The space–time and space–frequency coherence matrices may
be used to define the nonstationary two-point Stokes parameters
Sk(r1, r2, t1, t2) and Sk(r1, r2, ω1, ω2), k ∈ (0, . . . , 3), analogously to
the two-point Stokes parameters of stationary fields discussed briefly
in Sec. 2.4. Moreover, since Sk(r1, r2, t1, t2) and Sk(r1, r2, ω1, ω2) de-
pend linearly on the elements of Γ(r1, r2, t1, t2) and W(r1, r2, ω1, ω2),
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respectively, the two-point Stokes parameters in time and frequency
domains are related to each other via Eqs. (3.6) and (3.7). As a result,
the (single-point) Stokes parameters Sk(r, ω) may be determined
from Sk(r, r, t1, t2), and conversely, Sk(r, t) can be obtained from
Sk(r, r, ω1, ω2).
3.4 TEMPORAL IMAGING OF PARTIALLY POLARIZED
PULSES
Advances in ultrafast optics have enabled the manipulation of optical
fields in time domain in a fashion analogous to how lenses and
other optical elements affect the spatial properties of a beam. By
using a cascade of suitably matched dispersive elements, such as
optical fibers, and temporal quadratic phase modulators (QPM), the
temporal profile of the envelope of an optical pulse may be stretched
or compressed [113–115]. Prior investigations on temporal imaging
have been undertaken for scalar beams, but the introduction of the
partial polarization theory for nonstationary fields enables the study
of the polarization and coherence properties of temporally imaged,
partially polarized pulses. As illustrated in Publication IV, temporal
imaging offers various possibilities for manipulating the temporal
profile and polarization properties of the input pulses.
An elegant analogy, arising from the action of frequency disper-
sive propagation of polychromatic light, connects the propagation
of a pulse through a temporal-optics cascade and the propagation
of a paraxial beam through a system of lenses separated by free
space [114]. The analogy is illustrated in Fig. 3.1: pulse propagation
through a delay line with second-order dispersion corresponds to
free space propagation of a paraxial beam, QPM behaves analogously
to a thin lens, and time and frequency take the place of transverse
coordinate and spatial frequency, respectively. The analogy extends
to imaging an object: whereas a lens placed between an object and a
screen forms an image if the focal length is chosen appropriately, a
cascade of a dispersive delay line, a QPM, and another dispersive
delay line form a temporal image of the input pulse if the dispersion
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Figure 3.1: Analogies in spatial and temporal optics. Propagation in free space is mathe-
matically analogous to pulse propagation in a dispersive channel, e.g., a single-mode optical
fiber; a thin lens and a quadratic phase modulator behave similarly; and combining these
completes the analogy between spatial and temporal imaging.
parameters of the delay lines and the modulation parameter are
suitably matched [113].
In the case of a partially polarized input pulse, the action of
the temporal imaging setup must be considered for both orthogo-
nal components. As shown in Publication IV, the elements of the
polarization matrix at the output of the system is given by
Jij(t) = |MiMj|−1/2Γ0ij
(
t
Mi
,
t
Mj
)
ei[φij(t)−ω0(M
−1
i −M−1j )t], (3.12)
where Γ0ij(t1, t2) are the elements of the coherence matrix at the
input of the cascade, Mi and Mj are the temporal magnification
coefficients of the i and j components, i, j ∈ (x, y), respectively, φij(t)
is a time and magnification dependent phase term, and ω0 is the
42 Dissertations in Forestry and Natural Sciences No 179
Second-order coherence theory of
nonstationary electromagnetic fields
center frequency of the pulse. The quantity t is retarded time, i.e.,
given in a coordinate system traveling at the group velocity of the
pulse. The phase term is of the quadratic form φij(t) = φ0ij + φ2ijt2,
with φxx(t) = φyy(t) = 0 and φxy(t) = −φyx(t).
The parameters Mi, φ0ij, and φ2ij, i, j ∈ (x, y), are determined
by the second-order dispersion parameters of the delay lines (e.g.,
optical fibers) and the modulation rate of the time lens. If disper-
sion and temporal modulation parameters are equal for both field
components, then Eq. (3.12) reduces to Jij(t) = J0ij(t/M)/|M|, i.e.,
the pulse is simply magnified/demagnified in time, and inverted if
the temporal magnification M is negative. The quantities J0ij(t) are
the elements of the polarization matrix at the input of the cascade.
If the orthogonal components of the beam experience different dis-
persion and modulation, the results are more varied. The dispersion
parameters may be chosen such that the temporal magnifications
are equal, but the phase factor φxy(t) varies quadratically with time.
The phase difference thus induced between the x and y components
does not affect the intensities of the field components nor the degree
of polarization, but it does affect the polarization state, as shown in
Eqs. (33) and (34) of Publication IV.
The effects of temporal imaging with anisotropic dispersion
and modulation parameters may be illustrated using a temporally
mutually delayed Gaussian pulse as the input pulse, see Sec. 5.B of
Publication III. More precisely, the orthogonal components of the
pulse at the input are related via Ey(t) = Ex(t − τd), where τd is a
time delay, and Ex(t) is a Gaussian Schell-model pulse with
〈E∗x(t1)Ex(t2)〉 =A20 exp
(
− t
2
1 + t
2
2
2T20
)
exp
[
− (t2 − t1)
2
T2c
]
× exp[−iω0(t2 − t1)], (3.13)
where A0 is the (nonnegative) peak amplitude of the pulse, T0
defines the pulse width, and Tc gives the coherence time. The
Gaussian Schell model is discussed in more detail in Appendix A.
The arrangement where one of the orthogonal components of a beam
is the time-delayed copy of the other has been used, e.g., to produce
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Figure 3.2: Polarization changes on temporal imaging of a Gaussian Schell-model pulse.
The graphs represent the intensity, degree of polarization, and polarization state profiles for
two different temporal imaging setups, using similar input pulses. Parts (a)–(c) depict a
setup where the x and y components experience equal magnifications, while (d)–(f) refer to
a cascade with unequal temporal magnifications. Figures (a) and (d) depict the intensities
of the x (blue dash-dotted line) and y (green dashed line) components and the degree of
polarization (red solid line) before (thin lines) and after (thick lines) the imaging system.
The intensities are given in normalized units such that the peak intensity of the input pulse
is equal to unity. Parts (b) and (e) show the behavior of the normalized Stokes parameters
at the output of the system, and (c) and (f) illustrate the evolution of the polarization state
using the Poincaré sphere.
unpolarized but temporally highly coherent beams [116]. Figure 3.2
illustrates how the temporal polarization properties at the output
change for different choices of the dispersion parameters. Additional
examples may be found in Figs. 4 and 5 of Publication IV. Keeping
in mind that the input pulses are the same for both of the depicted
temporal imaging configurations, it is seen that alteration of the
dispersion parameters offers many possibilities for the variation of
the output polarization state.
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4 Coherent-mode decomposi-
tions of electromagnetic fields
The coherent-mode decomposition (CMD) of randomly fluctuat-
ing fields, first pioneered by Wolf and others starting in 1980s
[27, 76, 117, 118], has led to several fundamental results, such as
the representation of the cross-spectral density of a field as a correla-
tion function over a suitable ensemble of monochromatic realizations.
It also possesses distinct practical advantages in the treatment of
inverse source problems [119–121], scattering [122–124], and propa-
gation [117,125–129], as each mode may be treated as a completely
coherent field, greatly reducing computational effort. However, the
scalar CMD is insufficient for the description of partially coherent,
partially polarized electromagnetic fields.
4.1 COHERENT-MODE DECOMPOSITION OF STATIONARY
ELECTROMAGNETIC FIELDS
The CMD for the so-called beam coherence-polarization (BCP) ma-
trix, i.e., the temporal coherence matrix at τ = 0, was derived by
Gori and coworkers by considering the fields as vectors in an ab-
stract Hilbert space and the BCP matrix as a Hermitian operator
acting on those vectors [78]; the well-known spectral decomposition
of bounded Hermitian operators [130] then leads to the CMD. The
same method was applied to spectral coherence matrices by Tervo,
Setälä, and Friberg, showing that a statistically stationary electro-
magnetic field may also be described in terms of their coherent
modes [79], the modes being coherent with respect to the measure
defined in Eq. (2.20). This result was further applied to show that
the spectral coherence matrix may be represented as a correlation
matrix [Eq. (2.9)].
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The CMD represents the coherence matrix of a field, in a spatial
domain D, as a superposition of completely coherent, orthogonal
contributions, i.e., [79]
W(r1, r2, ω) =∑
n
λn(ω)φ
∗
n(r1, ω)φ
T
n(r2, ω), (4.1)
where λn(ω) are nonnegative scalar expansion coefficients, and the
(vector) mode functions φn(r, ω) are orthonormal in the sense that∫
D φ
T
m(r, ω)φ∗n(r, ω)d3r = δmn, where δmn is the Kronecker delta
symbol. Each contribution in the sum in Eq. (4.1), Wn(r1, r2, ω) =
λn(ω)φ∗n(r1, ω)φTn(r2, ω) may be verified to be completely coherent
in D in the sense of the electromagnetic degree of coherence defined
via Eq. (2.20), i.e., μ(r1, r2, ω) = 1 for all r1, r2 ∈ D. Moreover, the ex-
pansion coefficient λn(ω) gives the total spectral density, integrated
over the region D, in the corresponding mode. The orthogonality
of the mode functions implies that λn(ω) and φn(r, ω) are also the
solutions of the Fredholm integral equation∫
D
φTn(r1, ω)W(r1, r2, ω)dr1 = λn(ω)φ
T
n(r2, ω), (4.2)
which may be used to determine the CMD corresponding to a given
coherence matrix, either analytically or numerically. Moreover, the
Hermiticity and nonnegative definiteness of the coherence matrix
W(r1, r2, ω) guarantee that the expansion in Eq. (4.1) is a Mercer-
type series, i.e., the series converges absolutely and uniformly, and
the expansion coefficients λn(ω) are discrete [78, 79].
The coefficients λn(ω) are elegantly connected to the overall
coherence of the field. The squared overall degree of coherence is
given by [79]
μ¯2(ω) =
∑n λ2n(ω)
[∑n λn(ω)]
2 . (4.3)
This equation implies that, firstly, a field is completely coherent
at ω in the region D, i.e., μ¯ = 1, if, and only if, the field consists
of a single mode; if more than one mode contribute to the field
with λn(ω) > 0, then necessarily μ¯(ω) < 1. This feature of the
CMD underlies the important observation that a field in a region
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D is completely coherent if, and only if, it factorizes into an outer
product of the form W(r1, r2, ω) = E∗(r1, ω)ET(r2, ω) [79]. On the
other hand, for a field consisting of M modes the minimum value
of μ¯(ω) is given by μ¯2(ω) ≥ 1/M, with equality corresponding to
a situation where λ1(ω) = λ2(ω) = . . . = λM(ω). As discussed
in Secs. 2 and 3 of Publication VII, for a field with a given overall
degree of coherence, M = μ¯−2(ω) indicates the minimum number
of uncorrelated random variables required to describe the partially
coherent field, corresponding to the analogous scalar result [131].
4.2 PROPAGATION OF THE COHERENT MODES
As mentioned in the preceding section, the coherent-mode decom-
position, if known, simplifies the determination of the propagation
properties of a partially coherent field, as each of the (completely
coherent) modes may be treated individually. More precisely, each
mode function may be propagated similarly to a completely coher-
ent field, and it is not necessary to use the more computationally
intensive expressions for the propagation of the coherence matrices.
However, it should be noted that the coherent mode structure of
the field may vary as the field propagates. In other words, it may
be that the individually propagated mode functions are no longer
orthogonal, and thus they do not constitute the CMD of the propa-
gated field. Accordingly, the expansion coefficients in the CMD of
the field may also have changed, implying that the overall degree of
coherence may vary on propagation.
For scalar fields, it was pointed out, not long after the introduc-
tion of the coherent-mode formalism, that the mode structure is
conserved only in free fields if the field is considered in the gen-
eral, nonparaxial case [117], i.e., in fields which do not contain any
evanescent components [132, 133]. In the paraxial approximation,
on the other hand, the mode structure of scalar fields is always
conserved in free-space propagation.
Analogous results for partially polarized electromagnetic fields
were presented in Publication VII. The CMD at the plane z = 0
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consists of the weights λn(ω) and the mode functions φn(ρ, ω),
where ρ denotes the (transverse) coordinate within the source plane.
The mode functions may be propagated individually into the half-
space z > 0 to obtain the functions Φn(ρ, z, ω), and the coherence
matrix at the plane z = Z > 0 is obtained as the sum
W(ρ1, ρ2, Z, ω) =∑
n
λn(ω)Φ
∗
n(ρ1, Z, ω)Φ
T
n(ρ2, Z, ω), (4.4)
where ρ1 and ρ2 denote transverse position within the plane z = Z.
The possibility of obtaining the coherence matrix in the half-space
z > 0 by propagating the mode functions individually underlies the
usefulness of the CMD in treating propagation, diffraction, and scat-
tering problems, as each mode behaves like a completely coherent
field. However, while Eq. (4.4) indicates that, after propagation, the
coherence matrix may still be expressed as an incoherent sum of
completely coherent contributions, it should be noted that the func-
tions Φn(ρ, Z, ω) are not necessarily orthogonal. If the orthogonality
has been lost, then Eq. (4.4) is not the CMD of W(ρ1, ρ2, Z, ω). This
implies, e.g., that the overall degree of coherence μ¯(Z, ω) may differ
from that in the plane z = 0, as λn(ω) are no longer the CMD coeffi-
Figure 4.1: Illustration of the conservation of the coherent-mode structure in different
situations. Part (a) demonstrates that the mode structure is preserved only when the field
undergoes a unitary linear operation, such as paraxial propagation. Part (b) contrasts to
the connection between the temporal and spectral CMDs: as time and frequency domains
are connected by Fourier transform (which is always unitary), the mode structure is the
same in both domains.
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cients of the field at z = Z. The possible loss of orthogonality is due
to the nonunitarity of the applied linear operation (e.g., diffraction
or scattering), as illustrated in Fig. 4.1.
Paraxial propagation of an electromagnetic beam from one plane
to another was shown to preserve the CMD, analogously to the
scalar case. This implies that the overall degree of coherence is also
preserved, and thus measuring μ¯(Z, ω) at any Z > 0 is sufficient for
determining the source-plane μ¯(0, ω).
In the more general case on nonparaxial propagation the results
show more variety. If the field at the source plane z = 0 is free,
i.e., does not contain any evanescent components, the modes of
the coherence matrix W(ρ1, ρ2, Z, ω) in the plane z = Z > 0 are
obtained by propagating, via the Rayleigh diffraction integral of
the first kind [101], the modes of the source plane 3× 3 coherence
matrix individually. However, if the field at the source plane con-
tains evanescent components, the preservation of the coherent-mode
structure is no longer guaranteed. This result is in agreement with
the analogous scalar result [117].
The propagation of the electromagnetic field from one plane to
another may also be treated via the Luneburg formula [86], which
involves only the components of the source field which are trans-
verse to the source plane. Accordingly, the coherence matrix in the
half-space z > 0 may be expressed in terms of the 2× 2 coherence
matrix, or Luneburg coherence matrix, W(2)(ρ1, ρ2, ω) in the plane
z = 0. By extension, the coherence matrix in a plane z = Z > 0 can
be obtained from the propagated coherent modes of W(2)(ρ1, ρ2, ω).
However, it was determined that, at least in general, the coherent-
mode structures of the 2× 2 and 3× 3 coherence matrices in the
source plane are different. By applying the result concerning the
conservation of the CMD of free fields it was shown that, in gen-
eral, the mode structure in the z = Z plane differs from the mode
structure of the Luneburg coherence matrix.
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4.3 COHERENT-MODE DECOMPOSITION OF
NONSTATIONARY ELECTROMAGNETIC FIELDS
The theory of partial polarization and partial coherence presented in
Chap. 3 incorporates the temporal and spectral coherence matrices
Γ(r1, r2, t1, t2) and W(r1, r2, ω1, ω2). We recall that in the stationary
CMD, the frequency ω was treated as a parameter and not as a
variable on the same footing as position, stemming from the fact
that the field does not contain any spectral correlations. However,
in the nonstationary case the field necessarily is spectrally partially
correlated, and therefore the coherence matrix W(r1, r2, ω1, ω2) de-
pends on two frequencies. One of the main results of Publication V
is that the spectral coherence matrix of a nonstationary beam, con-
sidered in a plane transverse to the propagation direction, has the
coherent-mode decomposition
W(ρ1, ρ2, ω1, ω2) =∑
n
λnφ
∗
n(ρ1, ω1)φ
T
n(ρ2, ω2), (4.5)
where the mode weights λn are frequency and position independent
scalars and the mode functions are orthonormal over the spatial do-
main D as
∫ ∞
0
∫
D φ
T
m(ρ, ω)φ∗n(ρ, ω)d2ρ dω = δmn. The foundation
of the decomposition is the representation of the electric field in D
as a vector in a suitable Hilbert space, similar to the method used to
derive the CMDs of the beam coherence-polarization matrix [78] and
the spectral coherence matrix [79]. We note that the modes are now
considered for beams propagating (in the paraxial approximation)
along the z direction, and the CMD is performed in a transverse
plane. As a result, the spatial domain D is two-dimensional, and
the fields consist of two orthogonal spatial components Ex(r, ω) and
Ey(r, ω).
As mentioned above, in the CMD of a stationary field the fre-
quency ω is treated as a parameter, and the expansion coefficients
λn(ω) are functions of frequency. However, in the nonstationary case
the frequency dependence is contained solely in the mode functions
φn(r, ω), and the weights λn are independent of both position and
frequency. The weights and the mode functions are the solutions of
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the Fredholm integral equation
∫ ∞
0
∫
D
φTn(ρ1, ω1)W(ρ1, ρ2, ω1, ω2)d
2ρ1 dω1 = λnφTn(ρ2, ω2), (4.6)
as a consequence of the orthonormality of the mode functions. This
equation offers also a method for determining of the modes corre-
sponding to a given coherence matrix, either analytically or numeri-
cally. Several examples are studied analytically and numerically in
Sec. 4 of Publication V. It was determined that
1. if the spatial, spectral, and polarization contributions to the
coherence matrix of the field separate (implying, e.g., that
the partial polarization state is frequency independent and
spatially uniform), then also the coherent modes are of the
product form;
2. if, e.g., the spectral polarization properties depend on fre-
quency, the CMD has to be obtained numerically;
3. the coherence matrix of a partially polarized GSM could be
approximated to a high degree of accuracy with a truncated
form of the CMD.
The numerical investigation highlighted the importance of choosing
a proper method for solving the integral equation. In the case of a
scalar GSM beam, the coherent mode structure is well known, as
pointed out in the Appendix (Sec. A.2), which helps both in choosing
a suitable method and in evaluating the results.
In stationary fields the coherent-mode representation did not
extend to time domain. However, for nonstationary fields the connec-
tion between the space–time and space–frequency domain coherence
matrices, given in Eqs. (3.6) and (3.7), leads to the decomposition
Γ(ρ1, ρ2, t1, t2) =∑
n
λ′nψ∗n(ρ1, t1)ψTn (ρ2, t2), (4.7)
where the weights and the mode functions, respectively, λ′n and
ψn(ρ, t) are related to their spectral counterparts as λ′n = 2πλn
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and ψn(ρ, t) = (2π)−1/2
∫ ∞
0 φn(ρ, ω) exp(−iωt)dω. As shown in
Publication V, the functions ψn(ρ, t) are orthonormal in the sense
of
∫ ∞
−∞
∫
D ψ
T
m(ρ, t)ψ∗n(ρ, t)d2ρ dt = δmn, and the coherence matrix
Γ(ρ1, ρ2, t1, t2), the weights λ′n, and the functions ψn(ρ, t) also fulfill
a Fredholm integral equation similar to Eq. (4.6), indicating that
the expansion in Eq. (4.7) is also the coherent-mode decomposition
of Γ(ρ1, ρ2, t1, t2). Preservation of the orthogonality (and orthonor-
mality, with correct scaling) stems from the unitary character of the
Fourier transform, as illustrated in Fig. 4.1(b). As pointed out in
Publication V, the existence of the time-domain CMD and its scaled
Fourier-transform relationship to the space–frequency domain CMD
may also be derived from the commutator of the time and frequency
basis vectors. The temporal CMD can be applied when the space–
time domain representation is more practical, such as the analysis
of temporal imaging systems like the one presented in Sec. 3.4.
As in stationary fields, the expansion coefficients λn of the non-
stationary CMD are connected to the overall degree of coherence. In
nonstationary fields, the overall degree of coherence may be defined
in the space–frequency domain via the spectral density weighted
average of μ2(ρ1, ρ2, ω1, ω2) over a spatial domain and over all fre-
quencies, as given in Eq. (28) of Publication V. Its relationship to the
expansion coefficients is analogous to the stationary case [Eq. (4.3)],
i.e.,
μ¯2 =
∑n λ2n
(∑n λn)
2 . (4.8)
It is noteworthy that, unlike the overall degree of coherence of
stationary fields, the nonstationary quantity does not depend on fre-
quency, so it may be understood to characterize the field in the region
D as a whole. As pointed out above, the expansion coefficients of the
space–time and space–frequency domain representations differ only
by a constant multiplier 2π. Accordingly, when the temporal overall
degree of coherence γ¯ is defined analogously to μ¯ by replacing the
integrations over all frequencies with integration over all times t1
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and t2, it turns out that
γ¯2 =
∑n(λ′n)2
(∑n λ′n)
2 = μ¯
2, (4.9)
i.e., the temporal and spectral overall degrees of coherence are equal
to each other.
4.4 COHERENT-MODE DECOMPOSITIONS OF ELECTRIC
AND MAGNETIC COMPONENTS
Conventionally, the field quantity of interest in optics is the elec-
tric field, not the magnetic field, as most interactions in the optical
regime take place via the electric field. However, recent advances in
the application [134–138] and manipulation [139, 140] of magnetic
fields at optical frequencies underline the importance of the mag-
netic field component. The electric and magnetic field, connected
as they are via the Maxwell equations [86], are intricately related,
and consequently also the electric and magnetic coherence matrices,
W(e)(r1, r2, ω) and W(h)(r1, r2, ω), are too. The Maxwell equations
may be formulated both in space–time and in space–frequency
domains, but for the sake of mathematical simplicity the space–
frequency domain formulation is usually chosen; the relationship
between W(e)(r1, r2, ω) and W(h)(r1, r2, ω) in the space–frequency
domain, formulated in SI units, is given in Eq. (10) of Publication VI.
It has been shown previously that, e.g., the overall degrees of co-
herence of the electric and magnetic fields are equal to each other
when the fields are considered over all space [62]. However, the
coherent modes of the electric and magnetic fields have not been
widely studied, and there arises the question of how the CMDs of
the electric and magnetic components of an electromagnetic field
are related to each other.
Publication VI explored the relationship between the coherent-
mode decompositions of the electric and magnetic fields for different
field types in a spherical volume containing no free charges or
currents. It was found that, for a general electromagnetic field, the
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modes of the electric and magnetic fields are not obtained from
each other via the Maxwell equations. This result is consistent
with the fact that the curl operator, instrumental in connecting
W(e)(r1, r2, ω) and W(h)(r1, r2, ω), is not unitary. If the radius of
the spherical volume is taken to approach infinity, it is seen that
the mode structures of the electric and magnetic fields become
the same. Taking into account the relationship between the mode
expansion coefficients and the overall degree of coherence, the result
is observed to agree with previous findings involving the electric
and magnetic overall degrees of coherence and their equality when
the fields are considered in all space [62, 141].
The mode functions of free fields were found also to be free fields.
However, it was determined that, in general, applying the Maxwell
equations to the (orthonormal) mode functions of the electric field
does not result in orthogonal functions, and the functions thus
obtained are not the mode functions of the magnetic field. In other
words, the mode functions of the electric and magnetic fields are
not related to each other via Maxwell equations, even though the
fields themselves are. The result obtained for general fields with
evanescent components therefore also holds for free fields. The same
is true even if, in addition to being free, the fields are taken to be
homogeneous. That is, the spatial dependency of the coherence
matrices takes place only via the separation R = r2 − r1, analogously
to how the temporal coherence of stationary fields depends only on
the time separation τ = t2 − t1.
In the special case of an isotropic, homogeneous free field (e.g.,
a blackbody field), the electric and magnetic coherence matrices
are known to differ only by a constant multiplier [141], and conse-
quently their differ only by the same constant factor multiplying the
expansion coefficients.
The results above indicate that, while the CMD of magnetic
fields may be determined from the magnetic coherence matrix and
while the electric and magnetic coherence matrices are connected
to each other via an equation derived from the Maxwell equations,
the coherent mode functions of the electric and magnetic fields
54 Dissertations in Forestry and Natural Sciences No 179
Coherent-mode decompositions of
electromagnetic fields
are (in most cases) not directly related via Maxwell equations. An
exception is the isotropic, homogeneous free field. In addition to
the electric and magnetic fields being considered separately, the
orthogonal components of the electric and magnetic field could be
used to construct an electromagnetic field vector, consisting of six
components, three for the electric field and three for the magnetic
field. An electromagnetic coherence matrix may then be defined as
the coherence matrix of the electromagnetic field vector. The CMD,
or an equivalent decomposition, of this coherence matrix might be
of use in problems involving both the electric and the magnetic field,
and could also shed additional light on the connection between the
CMDs of the electric and magnetic fields.
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5 Conclusions
This thesis presented results concerning several facets of partial
coherence and partial polarization of electromagnetic fields. More
specifically, Publication I investigated fluctuations of the instanta-
neous polarization state in stationary fields, and Publication II con-
cerned statistical similarity, complete coherence, and cross-spectral
purity. Publications III and IV presented and applied the formal-
ism of partial polarization in nonstationary electromagnetic fields.
Finally, Publications V–VII dealt with the properties of the coherent-
mode decomposition (CMD) of electromagnetic fields.
5.1 SUMMARY OF MAIN RESULTS AND THEIR IMPACT
In Publication I a method was formulated for the characterization of
temporal polarization fluctuations in three-component (3D), statisti-
cally stationary random coherent fields. In general, the fluctuations
depend on the fourth-order correlations of the field. For fields
following Gaussian statistics the fourth-order correlations are deter-
mined by the second-order correlations, and the dependence of the
character of polarization fluctuations on the degree of polarization,
degree of coherence, and intensity fringe visibility is revealed. The
long-delay limit of the polarization correlation function was shown
to depend on the degree of polarization of the field. The results may
find applications, e.g., in optical communications technology [106],
particle shape determination [142], radar imaging [143], and astron-
omy [144].
Publication II presented the connection between statistical simi-
larity and complete coherence in both the space–time domain and
the space–frequency domain, and also the relationship between
electromagnetic cross-spectral purity and simultaneous complete
coherence in both domains. It was shown that (electromagnetic)
complete coherence is equivalent to statistical similarity and full
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polarization. Complete coherence in time domain was determined
to imply complete coherence at all frequencies and full, frequency in-
dependent spectral polarization of both fields. Like for scalar fields,
complete spectral coherence at all frequencies is not alone sufficient
for complete coherence at any time delay. Requiring additionally
that the frequency domain fields are strictly cross-spectrally pure
ensures complete coherence at a certain time delay, dictated by the
purity condition. However, whereas in scalar fields cross-spectral
purity was equivalent to the fields being completely coherent in time
domain, electromagnetic strict cross-spectral purity is a sufficient,
but not a necessary condition. These results shed light on the na-
ture of complete coherence in time and frequency domains, and
additionally, they underline crucial differences between scalar and
electromagnetic treatments. Agreement of the results to their scalar
counterparts relies on using the electromagnetic degree of coherence,
as defined in Eqs. (2.19) and (2.20).
A systematic formalism for the characterization of partial po-
larization of nonstationary electromagnetic fields was put forward
in Publication III, along with several examples. The connection
between temporal and spectral polarization was also analyzed, and
equivalence theorems were presented for fields with different tem-
poral coherence properties to have the same spectral polarization
features, and vice versa. Publication IV studied the temporal imag-
ing of partially polarized, partially coherent pulses. It was found
that the polarization state and the degree of polarization of the
output pulse can be changed in a great variety of ways, including
temporal magnification and demagnification. Possible application
areas could be, e.g., characterization of the partial polarization of
ultrafast pulses, studies of dynamic processes in atoms, molecules,
and biological systems [114], and optical telecommunications [80].
The CMDs of partially coherent fields have been established as
having both theoretical importance and practical utility. In Publica-
tion V CMDs were derived for nonstationary electromagnetic fields
in both space–time and space–frequency domains. In a remarkable
deviation from the CMDs of stationary fields, the time and frequency
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domain decompositions can be obtained directly from each other
via the Fourier transform. This result was pointed out to stem from
the unitarity of the Fourier transform. The temporal CMD may
find use in the analysis of optical systems containing time domain
manipulation of partially coherent fields, such as those presented in
Publication IV, or in studies of temporal cloaking [145].
The advent of metamaterials in the optical frequencies increases
the impact of the magnetic field in light–matter interactions. The
results of Publication VI indicate that the CMDs of electric and mag-
netic components of the electromagnetic field are different, except
in certain special cases. While the CMDs of magnetic fields are,
without a doubt, of use in the study of interactions with materials
exhibiting a response to the magnetic field, the modes may not be
directly obtained from the coherent modes of the electric field.
Finally, Publication VII showed that, in general, the coherent
mode structure of a statistically stationary field is not propagation
invariant. While the contributions obtained by propagating the
individual mode functions remain completely coherent, they may
lose their orthogonality if the field contains evanescent components,
and thus they do not constitute the coherent modes of the propa-
gated field. In the paraxial approximation, however, propagation
is a unitary transformation, and thus the mode structure remains
unchanged. These results are in agreement with the analogous scalar
findings presented earlier. The utility of the CMD in propagation
problems relies on the fact that each mode may be treated as coher-
ent fields. Additionally, the CMD is an exact representation of the
coherence matrix; approximate methods for the treatment of par-
tially coherent fields have also been put forward, e.g., the elementary
mode method [146–150].
5.2 FUTURE PROSPECTS
This thesis addresses a certain, limited number of research problems
in the area of partial coherence and partial polarization of electro-
magnetic fields. Along the course of the investigations presented in
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this work several important questions deserving further attention
were raised. Complete coherence of statistically stationary fields
was linked with statistical similarity, but does an analogous result
exist for nonstationary electromagnetic fields? In a broader view, the
domain of nonstationary electromagnetic fields remains largely un-
explored. For instance, the polarization modulation effects presented
in Publication IV could constitute an interesting experiment.
The connection between the coherent modes of electric and mag-
netic fields were explored, in a spherical geometry, in Publication VI.
However, can a meaningful, analogous decomposition be formulated
for the mixed coherence matrices involving both electric or magnetic
fields? Alternatively, if the electric and magnetic fields were treated
using a combined, truly electromagnetic coherence matrix, what
relation would the supposed coherent-mode decomposition of this
have to the CMDs of the electric and magnetic fields individually?
Answers to these question would undoubtedly be of great inter-
est in studies involving the interaction of partially coherent fields
with metamaterials or other materials exhibiting both electric and
magnetic responses.
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A Gaussian Schell model
The Gaussian Schell model (GSM) is widely employed in coherence
and polarization studies, owing to both its mathematical simplicity
and the fact that it is a reasonable approximation for many real
sources and fields [21, 71, 151]. The essence of the Schell model is
that the coherence function, say, Γ(r1, r2), is of the form [152]
Γ(r1, r2) = [I(r1)I(r2)]1/2μ(r2 − r1), (A.1)
i.e., the normalized coherence function depends solely on the dif-
ference of its parameters. Above, the coherence function Γ(r1, r2)
is assumed to depend on the spatial points r1 and r2, but the same
principle may be extended to dependence, e.g., on time or frequency.
The Gaussian Schell model is a special case of the general Schell
model, where both the intensity I(r) and the normalized correlation
function μ(r′) are Gaussian, i.e., [21]
I(r) = I0 exp[−|r|2/(2w2)], (A.2)
μ(r′) = exp[−|r′|2/(2σ2)], (A.3)
where I0 is a nonnegative constant which specifies the peak intensity,
and w and σ are real parameters specifying the width of the intensity
distribution and the coherence width, respectively.
In this thesis, GSM is used for both spatial and temporal/spectral
dependency of the field. Spatial GSM has been applied widely in
literature (see, e.g., Ref. [21]). Time and frequency domain GSMs
have been presented in the contexts of both scalar [71, 112] and
electromagnetic [74] beams.
A.1 ELECTROMAGNETIC GSM BEAM
Equations (A.1)–(A.3) describe a scalar beam with Gaussian coher-
ence and intensity. However, this thesis deals with electromagnetic
fields, so a scalar description is insufficient. In the space–frequency
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domain, the elements of the coherence matrix of a stationary GSM
beam may be written as [153]
Wij(r1, r2) = (AiAj)1/2Bij exp
[
−|r1|
2
4wi
− |r2|
2
4wj
]
exp
[
−|r2 − r1|
2
2σij
]
,
(A.4)
where i, j ∈ (x, y) and the parameters Ai, Bij, wi, and σij depend,
in general, on frequency (but not on position), however here the
explicit frequency dependency is not indicated in the interest of
notational simplicity. The parameters Ai ≥ 0 specify the peak
intensity of the beam, the complex parameter Bij, with |Bij| ≤ 1
and Bii = 1, determines the strength of the correlations between
orthogonal components, wi indicate the beam width, and σij specify
the correlation widths. For beams, the coherence matrix is usually
considered in a given plane with z constant, and the position vectors
r1 and r2 denote position in the transverse plane.
For stationary fields, the frequency dependence appears in the
beam parameters. However, in studies of nonstationary fields it
is advantageous to treat the spectral (or temporal) dependence in
the same fashion as spatial dependency in Eq. (A.4). Omitting
the explicit dependence on position, the elements of the spectral
coherence matrix W(ω1, ω2) may be written, using the notation
applied in Publication III, as
Wij(ω1, ω2) =(AiAj)1/2Bij exp
[
− (ω1 − ω0)
2
2Ω20i
− (ω2 − ω0)
2
2Ω20j
]
exp
[
− (ω2 − ω1)
2
Ω2cij
]
,
(A.5)
where Ai and Bij are as above, Ω0i, i ∈ (x, y) are the spectral widths
of the orthogonal components, Ωcij, i, j ∈ (x, y), specify the spectral
coherence widths, and ω0 gives the central frequency of the pulse.
The elements Γij(t1, t2) of the temporal coherence matrix Γ(t1, t2)
corresponding to Wij(ω1, ω2) given in Eq. (A.5) may be found using
Eq. (3.7) and the well-known Fourier transform of the Gaussian
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function [71, 154]. Formally, the lower integration limit in Eq. (3.7)
is zero, not negative infinity, and thus the integrations are not truly
Fourier transforms. However, if Ω0i  ω0, analytic extension of the
integral from zero to minus infinity is a reasonable approximation. It
should be noted that, as the spectral density peak has been displaced
from zero frequency to ω0, a complex exponential phase term will
be present in the correlation term, i.e, Γij(t1, t2) will be of the form
Γij(t1, t2) = [Ii(t1)Ij(t2)]1/2Bij exp
[
− (t2 − t1)
2
T2cij
]
exp[−iω0(t2 − t1)],
(A.6)
where I(t1) are the (Gaussian) intensity functions and Tcij is the
temporal coherence width.
The beam parameters may not be chosen entirely arbitrarily,
as pointed out for both spatial [153] and spectral (Publication V)
electromagnetic GSM beams, respectively. This is due to the physical
requirement that the coherence matrix needs to be Hermitian and
nonnegative definite.
A.2 COHERENT-MODE DECOMPOSITION OF A GSM BEAM
The Gaussian Schell model is popular also in studies involving
coherent-mode decompositions. As it happens, the coherent modes
of a GSM beam can be determined exactly, if the spatial domain of
the decomposition may be taken to be infinite. More precisely, let us
define a GSM beam with the coherence function
W(u1, u2) = I0 exp
(
−u
2
1 + u
2
2
4w2
)
exp
[
− (u2 − u1)
2
2σ2
]
, (A.7)
where I0, w, and σ are nonnegative and constant with respect to u1
and u2. The variables u1 and u2 may be, for instance, the spatial
coordinates x1 and x2, or the (shifted) frequencies ω1 − ω0 and
ω2 − ω0. The CMD of such a beam, for u1, u2 ∈ (−∞,∞), is [125]
W(u1, u2) =
∞
∑
n=0
λnφ
∗
n(u1)φn(u2), (A.8)
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where
λn = I0
(
π
a + b + c
)1/2 ( b
a + b + c
)n
, (A.9)
φn(u) =
(
2c
π
)1/4
(2nn!)−1/2Hn[(2c)1/2u] exp(−cu2), (A.10)
are the mode weights and the mode functions. The parameters
a = 1/(4w2), b = 1/(2σ2), and c = (a2 + 2ab)1/2 are used to simplify
notation. The functions Hn(x) are the Hermite functions. Due to
their scaling, the mode functions φn(u) are orthonormal as∫ ∞
−∞
φm(u)φ∗n(u)du = δmn. (A.11)
The decomposition above may be applied equally well for spatial
modes, as the decomposition was originally conceived [125], or
spectral modes [112]. Due to the Fourier transform relation between
time and frequency domains, the temporal and spectral modes are
readily obtained from each other, as pointed out for both scalar [112]
and electromagnetic (Publication V) beams.
The coherent modes of electromagnetic GSM beams, however,
are more challenging to obtain, as pointed out in Publication V. In
general, if the spectral coherence matrix does not factorize into a
constant matrix and a frequency dependent scalar contribution, the
modes need to be obtained numerically. An example of such beam
is presented in Sec. 4.D of Publication V.
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Timo Voipio
Partial Polarization and Coherence 
in Stationary and Nonstationary 
Electromagnetic Fields
This thesis considers partial polariza-
tion and partial coherence in random 
electromagnetic fields. Various aspects 
of partial coherence of statistical-
ly stationary electromagnetic fields 
are discussed, including dynamics of 
polarization fluctuations, statistical 
stationarity and complete coherence, 
conservation of the coherent-mode 
decomposition (CMD) on propagation, 
and the relationship between CMDs of 
electric and magnetic fields. A system-
atic treatment is developed for partial 
polarization and partial coherence of 
nonstationary electromagnetic fields, 
supplemented by the corresponding 
CMD, and time-domain manipulation is 
demonstrated to offer a versatile plat-
form for modifying the polarization and 
coherence of electromagnetic pulses.
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